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Abstract:

Inclines are special type of semirings and also the generalization of Boolean fuzzy, Distributive Lattice and fuzzy
algebra. Here we generalized the incline as interval incline. Interval valued fuzzy is best example for interval incline. We have
discussed some basic properties of interval incline and interval incline matrices.
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1. Introduction:

Inclines are special type of semiring, that is additively idempotent semiring which product are less than or equal to each
factors Cao gave the notion of incline in 1983 and He co - authored with Kim and Roush have wrote the book incline incline
algebra and its applications which is the first book in incline algebra [ 3 ]. Kim and Roush surveyed and outline properties of
incline and incline matrices in [ 8 ]. Some basic properties of incline elements as well as regular incline elements has investigated
by Meenakshi and Anbalagan in [ 11 Jand have an example which deals that incline not only contain distributive lattice which also
contain non - distributive lattice A several authors studied the incline matrices like invertibility [ 5] indices periods [ 3] ect.

A number of authors [ 6, 7, 9, 11, 16, 17 ] investigated the fuzzy matrices, boolean matrices and distributive matrices.
The operators for interval matrices were discussed in [14] Ganesan [ 2 ] examined the properties of interval matrices and for
interval valued fuzzy sets by Turksen [ 19 ] in 1986.Shyamal and M. pal [ 15 ] studied and outlined about interval valued fuzzy
matrix and then many authors studied the same in various concepts.

In this paper, we extend the concept of incline matrices to interval incline matrices as the generalization of interval
valued fuzzy matrices. In section 2, we give some definitions and results needed to this paper. In section 3, we have defined
interval in incline and using the set of all intervals we generalized the incline as interval incline. In section 4, we investigate the
invertibility conditions and discussed the properties.

2. Preliminaries:

In this section, we gave some needed definitions and results.

Definition 2.1: ([ 9]). Anincline is a non- empty set H with binary operations +, .

(Hx H — H) are given, denoted as addition and multiplication, such that forall X,Y,Z € H
X+y=y+X X+(y+2)=(x+y)+z, x(y+z)=xy+xz,

(Y+Z)x=yx+2X, X(Y2)=(Xy)Z, X+X=X, X+Xy=X, y+Xy=Y

Definition 2.2: ([9]). The incline H is said to be commutative, if Xy =YX, V X,yeH

Definition 2.3: ([9]). (H , S) is an incline with order relation " <" definedon H suchthatfor X,yeH, X <y if
andonlyif X+Yy=Y.If X <Y then Yy issaid to be dominate X _

Property 2.1: ([12]). Incline H with order relation " <" for X, ye H, xy <x and xy <vy.

Property 2.2: ( [12]). Incline H with order relation " <" for X,y e H

X+y > x and x+y >y.

Throughout this paper L' denotes the interval incline.

3. Basic Properties:
In this section, we define the interval incline and examine some properties and operations. To define an interval in an

incline. we need the usual ordering , here we have consider ' <" as in definition 2.3, which implies, the properties 2.1 and 2.2
also.

Definition 3.1: In an incline L for X , X, €L interval is defined by [X,_,XU ] = {xe L/ X  <X<X,} and the set of all

intervals denoted by L' .The binary operations addition and multiplication for any two elements in interval incline are given in the
following has an extension of the operations on interval valued fuzzy sets [ 8 ] and incline algebra [1,9 ]. For any two elements

[XL’XU]’[yL’yU]ELI
(i) [XL7XU]+[yL’yU]:[XL+yL’XU+yU] _
(ii) [XUXU]'[yL’yU]:[XL'yL’ Xu-yu] '
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Proposition 3.1: The conditions in the definition 2.1, which are examine for interval in an incline.

Proof: For any three elements [XL,XU],[yL,yU],[ZL,ZU]e L'
(i) [xoxo ]+ [yow =[x +yox + vl
= [y X0 +%]
(ii) [XL'XU]"'( [y o l+[ze 2] ):[XL’XU]"' [y +20 %0 +24]
= [X HYL+Z X+ Y+ ]
= (Do ]+ e )+ [z 3]
(iii) In a similar manner of (ii) we can obtain.
[%. %] ( [yo o llz 2] ): ( [ %] [Ye Yol )[ZUZU]-.

) Dol (ow 22

= [XL’XU] [yL+ZL’yU +Zu]

= [XL(VL+ZL)’ X (Yo +2y )]

= [XYL X2 XYy X2y

= [xoyox Yo [+ [z %z

=[x T Iye Yo I+ [oxo ][220 )
(V) In a similar manner of (iv) , We can obtain

( [yo Yo+ 2] ) o] = [yowlDox]+ [z a]xe ]

(Vi) [x0% ]+ [0 %0]

= [XL+XL’XU+XU]
X% ]

+[xox Iy o

[XC XY %+ % o ]

:[XL’XU]-
(Viii) In similar manner of (Vii) , We can obtain

[yo o l+ Do % llye Yo I= v o b
From Proposition 3.1, we have set of intervals in an incline from an incline so we called which is interval incline.
Throughout this paper L' denotes the interval incline.
Definition 3.2: An interval incline is a non-empty set of elements L' with binary operations addition and multiplication denoted as
+, . definedonL'x L' —> L.

Forall [X., %, |.[ye, o ].[z.. 2] e L'

() xox]+lyo v l=lyo yo I+ o %],

(i) [ ]+ (Do vol+zez] ) = (Do T+ yo )+ [z02],
(iii) | (Yo Yo+ ZL’ZU]) 0% [ Iye Yo I+ Do l[z0 20 ]

] (1

(iv) ( [yL Yo+ 2] ) o] = [yoyolxoxo ]+ [z z ][xox ],
[
[

(vii) [x., %

|||_.II

V) o] (o llzez] )= (ox] ew] ) 2o 2],
(vi) oo [+ x| =[x0% ],
(i) [xooxg ]+ [x0o TTye o ] =[x % ],

(viii) [yo o J+Dxox e Yo l= [y Yo -
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For example, interval values fuzzy sets, Interval distributive lattices are the best example for interval inclines. Moreover,

asin ([ 9] page. 459), if we take any interval elements [XL, Xy ],[yL, Yu ] E[ 0,1] , then under the operations of 7,,7, we

can obtain the interval incline L'.
Here we define the order relation ' < 'for interval incline as a extension of definition 2.3.

Definition 3.3: For any two elements [XL, X ],[yL, Yu ] el

X% ] <[yuyo]if and only if [x.,%, ]+ [yo Yo [=[ve Yo -
From the definition 2.3, we have the following properties as a generalization of [ 12 ].
Property 3.1: For any two elements [XL, Xy ] ) [yL, Yu ] eL' ,

(i) For addition
[XL’XU]+[yL'yU]:[XL' ]+([XL’XU]+[yL’yU])'
DX 1+ Iye Yo I = (Do X 1+ [y Yo ) +Iye Yo -

Using definition 3.2, we have the following

oo ]+ [ye vl 2 [xoxo]and [xo ]+ [y v ] 2 [yow]
(ii) For multiplication
Now, from the last two conditions in definition 3.1

oo (D% F e Yol ) =[x %]

[yL’VU]+([XL'XU]'[yL’ yU]) =y W]

Using definition 3.2, we have the following
Dox ] = Dox]lye Yol and [yoye] = [xox IIyve wo -

Definition 3.4: An element [ aL,aU] of L' is said to be idempotent ,if [ a, ,a, ]2 :[ aL,aU] , the set of all idempotents
elementsin L' is denoted by I (L').

2
e, I(LY={ [auau] eL' > [auau] :[aL’aU] }
Example 3.1: Incline 72 will be forms Interval Incline if we take the elements all are sub - intervals of [0,1] , then with the

some binary operations in [10]. In this Interval Incline only two idempotent elements are [0,0] and [l,l]. ie, I(L")=
{[0,0],[ll]}- In this interval valued Fuzzy set | (L')=1VFS.

Remark 3.1: In this interval incline elements having the lower limit and the upper limit are same then the interval incline
coincides with the incline.
An Interval incline matrix ( 1IM ) is a matrix with the entries are the ( interval ) elements belongs to the Interval incline

by (L"). In particular the interval incline matrix have the lower incline matrix and upper incline matrix, thatis AellM's

which is defined as A= [A_, A, ] = [aijl_, &y ] .

Let L'mxn (L'n) denotes the set of all MxN interval incline matrices (11M )
(NxnN interval incline square matrix ).

Definition 3.5: An interval incline matrices of order MxN is defined as A= [AL’ A ] :[aijL,aijU ] where &; = I:a'ijL’aijU ]

IS i ™ element of A interval incline matrix containing all the elements as intervals A, is the lower matrix of A and A is

the upper matrix of A . The following definition deals with the basic operations on IIM.
Definition 3.6:

(i) For [AL,AJ] and [BL,BU]E L'mxn , the sum is defined as
[A.A]+[BLB]=[A +BLA +B,]=[a; +b;, a;u+by]-
(if) For [AL A ]=[a;0.a5 Jna and [BLE] =B 00 Jap
C=AB ie, [C.,C,]=[A A ][B. By] isdefined as follows with order m x p.

[CLvCU]Z[A_vAJ][BLvaJ]Z[A_BL’AUBJ] = [Zk:aikLbjkL’Zk:aikUbijjl: [CikL’CikU]
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(iii) Ac L'n then the transpose of A is defined as
AT:[AT’AJ]:I:aJL'a;u]:[ajiuajiu :
(iV) For ABel'mn,

[A.A] <[B.B,] iff A<B_and A< B,iff 3, <b, and a, < by, .
=42 ....m ad j=12 ...,n
Remark 3.2: Like remark 3.1, each entries of A_ and A, are same then the internal incline matrix coincides with incline matrix.

Definition 3.7: An interval Incline matrix is said to be null matrix, if all its elements are zero i.e all elements are [0, 0] and the

matrix is denoted by O
Definition 3.8: A matrix P € L'mxn is called permutation matrix if only one entry of its every row and every column is

[1,1] and other entries are[ 0,0 ] .
Definition 3.9: In an Interval Incline Matrix [ A_, AU ]:[a,.jL,aijU} of order N x n is called Identity I1IM, if all the diagonal

entriesare [1,1] and all other entries are [ 0,0 ]. Which is denoted by [ 1, I, ].

That is identity matrix of [IM’s special of permutation matrix.
Remark 3.3: We conclude that by the above remark 3.2, Definition 3.7 and Definition ( 3.9 ) coincides with Null matrix and
Identity matrix of incline respectively. We present some basic properties of IIM’s. The commutative, associative and distributive

laws are valid for [IM’s under the operations ( + ) and ( . ) respectively.

Property 3.2: For any three interval incline matrices [A_, A ]mxn : [BL, B, ]nxp ,and [C,C,]
(i) [AL’AU]J“[BL’BU]:[%LJFQJL » By +bu'Uj|

:I:ble+a'ijL , bljU +aijU]

=[B.+A , By +A]

=[B. B J+H[A L A]
(i) [AA]+([BLB]+[C.G]) = ([AA]HBLB])+C.G]

[AL1AU]+( [BLiaJ]—i_[CL’CU]):[aijL’aiju:|+( I:ble+CijL’b|jU +Ciju:| )
:[a'ijL+b|jL+CijL , Ay By, +Cyy
= ( [aijL » Sy ] +|:b|jL’ biu } )+|:CijL’ Giju }
=([A.A]+[B.B)] )+[C.G]

(iii) @) ([AL'AJ][BL’BU] )'[CL’CU]:Z(Zk:[aikrbkjwaiku 'bij ]][CjiL’CjiU}

mxp.

]

:;{;(aikL'bkjL)CjiL';(aiku 'bij)Cjin|
= Z[dijLCjiL , dijUCjiu:|
j

Where, dy :Z(a-ikLbkjL) and d;, :Zk:(aikubkju)'

k

(b) [AL’AJ]( [BL’BJ]'[CL’CU] )ZZ[aijL’aijU] Zk:[bikLijL’bikuiju]

= z{g(% (b'k'-CkJ'L))’Zk:(aijU (blkU Ciju )) }
From(a) and (b), we can conclude
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([A.AallBLB])c.Gl=[A AL [BLB][C.C] ).
(iv) ([AL,AJ]+[BL,I3J]) [a”L i o Bt 'JUi|
:|:ajiL+bij ) ajiU+bjiU
:|:ajiL’ ajiu:l + |:bij’bjiU
:|:aijL’ Ajy :|T + |:bijL’bijU :|T
= [AA] +[BLB]
([A.A 1B B]) =[BLBT [AAT

Proof:

(1A A BB =( (3@ ][] )
= {Zk:(%bm) ' Zk:(auubiju )T
= {Zk:(bkjLajkL ) Zk:(bkju A )}
=[BLB ] [A. AT
Property 3.3: Let [A , A, ] :[am » &y ]mxn be the interval incline matrix then

() [A.A A A=[A.A]

[A.’AJ]+[A_’AJ]:[aijL’aiqu]+[aijL’aiqu]
:|:aijL+a1'jL ) aiqu+a'iju:|
=[ 2y, ay, |
= [AA]
since [AL,A]+[0,0]=[A A]
= [a.ay, |+[0.0] = [ay.a3, ]

Therefore, the interval incline matrix is special types of semigroup with respect to addition as well as multiplication. That
is, additively idempotent, commutative over additive semigroup.
3.1 Convergence and Periodicity of Interval Incline Matrix (11M):

Let [AL AU —[aﬂL a,.ju] be square 1IM of orderN. Thus the power of [A, AU] is defined as
(A" A" ]=[AL AT [AA]-[A A (m times)
i i N
€ [aijL’aijU]_[aijL’aiju] [aijL1aiju]----[aiijajjU] (m tlmes) and  naturally (|,J) element of
[Alm’AUm:I is [a1TL’a1Tu:|
Definition 3.10: Let [AL : AU]:[aijL , aiju:l be a square interval incline matrix of orderN. If there exists an integer M
such that

|:A_m+l A_Jm+1:| — I:AT Aj’l:|
= [all |_m+l, a.ijum+l:| = [a,TL,a.,TU ] holds, then the power of an interval incline matrix is said to be

converge. Generally, an Interval Incline Matrix is said converge when its power converge.
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Definition 3.11: Let [AL , A)]:[aijL , a'iju] be a square IIM of order N. If there exists two integers m and S such that

I: M+S ~M+S

aiiL ’a'ijU ] = [85,_ ) a17U:| holds, then M is said to be the periodicity of [AL , A.;]:[aijL , aijU:| and S is
the starting point of [At , AJ] corresponding tom.

Let N >S be any positive integer then N—S >0 and multiplying [A{_"S,AZ"S] on both sides in
[As+m1Aj+m]:[Ai 1 Ai] , we get
[An—s+s+m A;]—s+s+m:|:|:p{1—s+s A{J\—s+s:|
j[ﬁn+m, Ajwm:I:I:Arj ’ArJ:I,

Which means that every N > S be also a starting point corresponding to M.
Remark 3.4:

Every periodicity M of an 1M [A ) AJ] is a multiple of the least periodicity d . We have generalized the following
properties from [ 10,13,18 ].

Property 3.4: Let [A_,AJ],[BL,BJ],[CL,CU] € lIM with suitable order, such that [A_,AJ] S[B,_,BU],implies
[ALA][CLG] < [BLB[CLG]

Proof: Let us take any there IIM’s namely,

(AL A= ], (BB ]=[bibw |,
[A AT <[BLB]

Let(1) [AL’AU] [CL’CU] :[a'ikL’a'ikU][ijL’ijU]

= ;[aikLijL, Ay ijU :'
= |:dijL’diJU :I mxp '

Where dijL :ZaikLijL and iy :Zaikuckju and
k k

(1) [BL’ B, ] [CL’CU ] :[blkL’blkU ][ijL’ijU ] = Zk:[bukLijL » By Cgu i|
=[ ey &40 mp
Where eij|_ = ZbikLijL and eijU = ZbikU ijU
k k

since, [ALA] <[B..B,] =& = b|jL and Ay < bljU

Again, [C_,C, ]:I:CijL,CU.U] , the elements of ¢, and ¢, € L'nxp
dijL = ZaikLijL < ZbikLijL =& and dy, :Zaiku Cyu = zbuku Ciu = SGiju
K K K K

Hence,[A_,AU] [CL,CU] < [B,_,BU][CL,CU].
Property 3.5: For Ae L'p if I:A{’,A_‘,)] < [A{‘,Aﬂ or [A{J,Af:l > [N,Aﬂ holds for p < (, then [AL,AJ]

converges.
Proof: If [AE),A_T:I < [A‘_],Aﬂ] = [a,.IPL,a,.JPU} < [a,.j.‘L,a,.?U] holds then
al” <al? and al’) < a¥) wenave

al’ <ald <al™ <... and af) < & <ali¥<...

_and [CL,CU ]: |:CijL’CijU :| . such that

m xn X
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(a) p q
Since, a1 auL a'l(jU < a-.(JU) , therefore a finite number of distinct lower 1IM and upper 1IM in the
corresponding interval ( position ) occur in the power of [AL A, ] = A. So that,
(a+1) (s+1)
a'r <anL <a1 a| _am_ + + . and
1) (t+1)
aijU < af;ﬂj) a“q+ <...= aUU = a,JJ = ... forsomefinitt Sandt ,where S>t or S<t.

Simply a finite number of distinct interval incline matrices occur in the power of A= [AL, AJ ] .

Hence, [AL, AJ] converges.
Similarly, it can be shown when [A?,A’f] > [A{*,A‘j]
Property 3.6: [AL,AJ] be Linxn for all i,j<n if there exists Kk <n such that & < A A and

Ay = Ay Qyy then [A A ] converge toliAf’,Af],for some p < n—1.

4. Invertible Interval Incline Matrices:
In this section we have investigated the invertible properties of IIM’s as the extension of [ 3,4 ] . For any positive
integer n, always stands for any one of

{ 123,... } ). [n] denotes the least common multiple of the integers 1,2, ... ,nN.

Theset M (L'n ) constitute a partially ordered monoid with respect to the matrix multiplication.

N . k ok k+d Ak+d
Definition 4.1: Let S be a semigroup and [aL,aU] € S .Assume that [aL,aU :| :|:aL+ + :| for some positive
integers kK and d are called an index and period [aL,aU] respectively. In this case, we say that a=[aL, ] has index.

Definition 4.2: An interval incline L' with [0, 0] and [1,1] are called an integral interval incline if it has no non-zero elements

[x.%]and [y, v, ] suehthat [X YL » %Yo ]=[0.0] ana [%., %]+ [Yo, Yo ]=[11].

Definition 4.3: An interval incline matrix [AL,AU]GM (L'n) is said to be right invertible (left invertible), if
[ALBL,AJBU]z[I,I] ( [B,_A_,BUAJ]z[I,I] )forsome[BL,BJ]e M (L'n ). The matrix [BL,BU] is called a
right inverse (left inverse) of [AL, A, ] .

If [AL, A, ] is both right and left invertible then it is said to be invertible and [BL, BU] , denoted by [A:l, Ajl] is called an

inverse of it.
Remark 4.1: A matrix of [IM’s is invertible , then its right and left inverse coincide with the inverse it.
Lemma4.1: 1 (L") isinterval distributive lattice.

Proof: Since [0, 0],[1,1] e 1(L'") weseethat! (L") isnon-empty.

Forany  [%, % [V Yol et (L) wehave ([x % J+ [y v ]) = ( Do+ % +%] )
z[(XLerL)Z ' (XU+VU)2}
=[ X2 Y K20V + Y
=[ XXV XYY X X Yo X Yo+ Y ]
suppose that X' =X_ X, =X, and Y. =Y, Y5 =Yy
=[ (Y)Y 06+ Y0 )+ 00 Yo + W)
=[x +Yy. ., % +Y,] (- ByDefinition(3.1))
=[x % ]+ [y w]
( [XL’XU][yL’yU])ZZ( XY oY) )2
= XY %Yo XY %]
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= [XLyL’ 2:|

= [XLyL’XUyU]

= [XL7XU] [yL’yU]
Hence, [X., %, J+[Y. Yole (L) . [x Yy, % Y]e (L) and
[XL’)(LJ]+[yL’yU]:[XL+yL’)(!J+yU]:V{ [XL’XU]’[yL’yU]}EI(LI) :
iF (%% ] <[z.zy] and[y.,yu] = [z0.25] forsome [z.,z,]e 1(L'),then

[XLyL’Xuyu] > [ZilZS]:[ZLlZU] , Which means that
[XLyL’XUyU] =N { [XL7XU]7[yL’yU]}€ (L")

Thus, I (L") is interval distributive lattice.

Lemma 4.2 If [A’AJ] e M (Lln ) then |:A|:12[n] ’ Ajz[n]:| < |:A|T2[n]—[n] ’ AjZ[n]—[n]:|

Proof:

=[A.A]= [auL’auU} and k =n?*[n|. Denote [Af Aj’} [ I(JE) : aﬁﬁ}]
Then forany 1, j €N, we have |:aij|_ ) a'iju:| Z ':aulL’aulU ][anln L& l|2U] ':a'nk L& U :|

iyip, i €N

(k) (k)
Consider any term [a,,lL,a,hU][a,l, L,ah,zu] [ & & ju |of |:aij|_ , a,-ju:|
Divide it into n[n] products of U elements in order,

T T v T v - WAl O - SR ST AU - ST W

For every product of N interval elements, the number of the subscripts is equal to N+1 their values are in N. Hence
there exists two subscripts such that their value are same.

Therefore, every product of N interval elements contains a sub product of type [applL’aDPlU ] e 'I:apr p'—’apr puU :| from

the every product of N interval elements above, select exactly one subproduct of such type. Then there exists a integer I'en

such that [n] subproduct of I elements are chosen atleast. In fact or else for every I €N, the number of selected subproduct of
I elements is smaller than [n] , and so the total number of the selected subproduct is smaller than n[n] :

Now, select exactly ( [n] / r) subproduct of r interval elements and leave them from

_aiilLiajilu:I[ailileailizu] e I:a.ik—ljl—’aikflju}' Then we obtain a term of [ai';[[n], ail;a[n]]. Hence we have,

0 k=[n] ~qk=[n]
i (a0 a ] [aea ] <[ a
Since, the inequality above holds for any term
B k k
8.8 |33 |- [a a0 | of [ah.ay ]
k k k—[n k—[n
It follows that |:aij|_, aiju:| < |:a1-j|_[ ], aiju[ ]:| _
This completes the proof.
Lemma 4.3: If D is a interval distributive lattice and A= [AL, AJ] € D(L'n ), where D(L'n ) - matrices over interval

distributive lattice of order N, then |:AE, Aj] < |:ALT‘+[n]’ Azw[n]]

Proof: Let A:[A, A ] :[aﬁL,aﬁU] then for any 1, ] €N we have that
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(a0 (308 ] - [aL0a.0 ][ a0 &l ]

- z |:a'iilL’a'ii1U :H:a'ilizL’a'ilizu:I ce [ain,ljuain,lju :|

Consider any term,[ &, , &y J[ &0 80 |-+~ (&, 0oa, 0 | of [, all |

Put i, =i and i, = jsince i, en forall U (0 <u<n) thereexists p and t suchthat 0 < p < t <n and i, =1
. Then we obtain that,

[ a0 |33 ] 3080 ]
= [a'ioilL’ aioilu:| [a ip L1 ip g1, U:| [vabU][ iy L H+1U:|" : [ain_linuain_linu]
= |:aioi1L’ aioilu:| o [aip,lipL’auplupu [bL’hJ] s [aiti[ﬂl_’aiti”lu] e [ain,linl_’ain,linu}
< [ai(nr[f])'ai(nrm])]

Where [bL,hJ] = [aipip+1L’aipip+1U ] . _ait—l AR u] and I=[r%_

Since the inequality above holds for any term of[ai(j:) , a,ﬂf}} , We see that

[ ] <|art, gt

This completes the proof.
Lemma4.4: If D isan interval distributive lattice and A= [Ab AJ] € D(L'n ) then

[ AT Ajz[”]] _ [ ATl ATZ[”H”]J

Proof: By Lemma 4.2, we have that

[ Al Aﬂz[”H”q :[ AN el Aﬂ”q
< [ AT Al el o Agn]}z[ A AZ‘Z[”]}

By Lemma 4.3, we obtain that

[ IUEUBURY } _ [ A Al pneln] A }
> [Alnp{z[n]—n A AT —n} _ |:Aan[n] AT J
This completes the proof.

4.1 Some Conditions for Invertibility of IIM’s:
In this section, we take the interval incline L' with [0, 0] and [l,l] where [1,1] is the multiplicative identity. Here
we give some necessary and sufficient conditions fot the [IM’s to be invertible [ 4 ].

Theorem 4.1: If A= [AL A_J]E M(L'n ) is right invertible , then A[]—[AEH] AJ ] =[1.,1,]=1.
Proof: Since AZ[A_,AJ] is right invertible.

[AXLAXg] =[11y] forsome [X,,X,]em(L'n) .

Let k=n’[n] and d =[n] then [Alerd,AljJ“d] < [AXK,A'J(} by Lemma 4.8 we have that

A :[Af"at(j][lulu]

(AL AJ([AL AT - (A ATTAXG A X)X X0 ) - [X0 X))
AL AT LA A ] [XE XS = ATXE ATOXE ] < [AXE AT ]
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=[ALA ] [AXCAX ] XX =1L ]=T

ie., [A‘L’Aﬂ] <

Nowlet A=[A, A, ]=[ay,ay |and X =[X_, X, ]=[xu. %y |
From [A?XE,A?XS]Z[IL,IU] it follows that

> | ax Al | =[1.1)

Since, [N’,A‘J’] <[1,,1,] . we have that [a,.(jﬁ) , ai(jf,)]:[0,0] for 1 # j.
d d d
Therefore, for every ien we obtain that aii ) = |:ai(iL) ’ a‘i(iU):|

_Z[ Sist .sdu] >Z[ oL 5|L .su S.U] [1.1].

e, [aaf) ] = [1,1].

Consequently, I:A‘_’ , A{j] = [ L u]

Therefore, A'=A] = A’=1..

Theorem 4.2: Let A= [AL, AJ] € M(L'n ) be a permutation matrix and an invertible matrix then

[AA . AA=[AA  AA=]11,]

Proof: Since A is invertible,

e, [ALA XL X )= X0 X [[AL A =11 forsome [X(, X, ] e M(L'n).
Put A:a'ij :[aijL,aijU} X =X =|:Xij,_,XijU:|and Az[ﬂ,ﬁb] is invertible.

That is, [A_,AJ] [XL,XU] :[I, I].

We have thatif | # j,then Y| & Xg1 8 Xgu | =[0,0]

So [aisl_xsj,_ aisUXSjU]— 0 0 7for all Ssen.
[ A X A.J] [ ] we obtain that Z a‘SIL a5|U = Z[XisLasiL’XisUasiU]:[l'l] :1

sen sen

and Z[XisL’XisU] 2 Z[XisLasiL’XisUasiU]:[l’l] for all ien.

sen sen
Hence we see that

|:a1]L’auu:' [auL’auU][l’l I:a'uL’ IJU:I(Z[XJSL’ jsU ]:;[aijost ' aijUstu:|
:[aijL jiL» &ju jiU}rZ[aﬂL L aijuxst]: [ 2y X035, X |+[0.0]
|:ale jIL’a'IjUXjIU:|+Z|:aSjL jiL aSjUXjIUi| Z':aS]L jiL 7 SjUXjIU:|

Sen

(Zl:asl'— ' aSJU]j |:XJI|-’ JIU:I _[1’1 ':XJIL’ jIU:| [XJIL’ jIU:| forall i, jEn
Therefore, X = A" or [XL,XU] = I:A{,ATJ]

Theorem 4.3: If AZ[AL,AJ] € M(L'n)and f, is surjective mapping then A is right invertible.

Proof: Since fA is surjective mapping, there are some column vectors

(X X -+ Xni)Te(L'n) (ien) suchthat
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[k ([11] [ %]} ([0.0] (X% 1) ([0.0]
] [Xous X ] || [0.0] [A.A] Do %] || [21] A[ALA] (Yo X0 ]| _| [0,0] .

[anL ’ anU ] [O' 0] [Xn2L1 Xn2U ] [0' 0] [XnnL’ XnnU ] [111]
Put X =[X, X, ]=[ X, % | then[ X, Xy Je M(L'n ) and [A LA ][X X ]=[111]
ie, A= [A_, A, ] is right invertible.

Theorem 4.4: If A= [A, A ] €M (L'n) , then the following statements are equivalent to each other.

a) A isright invertible
b) A is left invertible
c) A isinvertible

[ALA

d AAT =]
e) ATA=
fi AAT=ATA=|

g) A“=1 for some positive integer K
h) fA is a surjective mapping

i) f, isbijective mapping

p f 5 Ppreserves the scalar product

ki Ae M (L'n) and f, isan injective mapping
) A hasindex and fA is an injective mapping

Proof: (b) = (C) it is proved by the same method as the proof of Theorem 4.1
The equivalence of the first seven statements is proved in the procedures of

(@) = (9) = (c) = (f) = (d) =(a).

(b) = (9) = (c) = (f) = (¢) =(b).

By using the theorem 4.1 and Theorem 4.2

(i) = (h) , which is obivious,

(h) = (a) which is Theorem 4.3,

(C) = (I) which is Theorem 4.2,

[AAAA=[AA.AA]=[11]

it fa(X)=f.(y) then [AX,AX] = [Ay,AYy] andso

o ]=[AAAA G T=[ALA AL A X))
=[A.A A ALY =[AA KA W]

Hence fA is an injective mapping.

For any [yL,yU]e (L'n), put [XL,)QJ]Z[ATY,AT,Y}y,then [XL,XU]E(L'n ) and
B)=[A ATAYLCA Y [=[AALAA Iy Yo ]=1 o Yo l=[yo Yo |

Hence f, isan surjective mapping.

(1) = (&) suppose () holds. Then forany [X_,%, J.[y.,Yu]€ (L'n),

DO LA A TAYG A YS]= ([AXC A% ]) TAYL A Y]

=, (%) fa(¥) = [T Dvo vl = X Xw )

Let A=[A,A]=[Ay, Ay | Foranyien et [e. & | bethe i™ unitvectorin (L'n ),
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i.e, the only entry "1 ' . Ifitis [l,l] and the other entries are [O, O], for any | €N replace [XL, Xu] and [yL, yU] with

[eiL e ] respectively in the expression above. Then we have that Z [a*siLasta 2,08y ] _ {E)Ll], I = J )
, 1# ]

Hence [ATA_,AIA,]z[I,I]. :
(e):>(1) If [ATA_ ) AT,AJ]Z[lJ],thenforany [X,_,XU],[y,_,yU]e (L'n ), we obtain that

B[] fa([ye o D) =A% 1) (Alye v ] ) =[x % ] TA ALY o ]

=[x ] Y Yo I =[x0% ] Ty Y-
Hence (j) holds.

(C) = (k) Let Az[A_, A, ] :[a,.jL,a,.jU ] e M (L'n ) be an invertible matrix. It follows from
(d) that forany 1€n, Z[aisL'a'isU] 2 Z[aizsL’a'iiU}:[l’l]

sen sen

ie., Z[aisL’aisU] :[1,1] .Hence forany 1, j €n , we have that

[aijL » By ] = ':aijL’ By ][l 1] =[a, .y, ][Z[%,&su ]J = g[amaisu By |
= Zl:aijLaisL’aijU Aisu :|+|:a'ij2'L’a'iJ?U :I .

S#j
On the other hand , by (e) , we have Z [akj,_&(sL » Ay Ay :| =0 for j#s

ke n
ie, [agay,8,aq |=0 forken.
Therefore, [aijL’aiju:I = [aﬂz.,_ , ai?U] . which implies that I:aij,_,aiju:l €1(L'n) and A:[AL,AJ]G MG (L'n) .
By (I) , fA is injective mapping.

(k) = (l) since Az[ﬁ, A, ] e M(J(L'n) and | (L'n) isan interval distributive lattice by Lemma 4.1 , it follows
from Lemma 4.4, that A has an index.

(I) = (g).Let [AL,AJ] has the index K and the period d | then [Al_(+d,A_,k+d:|=|:Alf,Alj] ,

Since fA is an injective mapping, therefore f/f is also an injective mapping.
Hence from ['A{(A{j’AJkAﬂ:[A{Gd’Aljm]:[p{(,%k]:[ﬂk,%k][b |U]:Ak| _
We havethat[AE,Aﬂ}ZU N ]

Example 4.1: Let us consider the Interval Incline square matrix defined as follows:
(a8 ] [02,05], i=j
e 0 i=j

Thus we have

[0205] 0 0 .0 [S..Su]) ([025.,058,]
0 [02,05] © ... 0 [S..Su]| |[025.,058,]
0 0 [0205 ... 0 [S..Su] |=|[025,,055,] |
0 0 0 ... [02,05] ||[s.,S]) |[0:25.,058,]

Hence the mapping f, is surjective. However [ALAT , AJAI:' # [I , I] and so A is not invertible matrix.

Remark 4.2: Therefore we conclude that that the 1IM matrix A is invertible if and only if A is orthogonal.
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Corollary 4.1: ([9]) it [ALA][B..By]eM(L'n) and [AB_AB,]=[I1] then [BL,BU]=[A{,ATJ] and
[BLA.’BJAU]:[I’I]'

Proof: It follows from the Theorem 4.4
Corollary 4.2: ([17]) If D isan interval distributive lattice and A= [A, A ] = [aﬁL " ] e M (L'n) then the following
statements are equivalent to each other.
i. Al right invertible.

ii. A isleftinvertible

iii. A isinvertible.

iv.  Therows of A are orthogonal
e, Z[aisl-’ Asu ] = [:Ll] forall i en and |:aikLajkL’ Ru Ay :| = [01 O] for i#jand ken.

sen
i.  Thecolumnof A are orthogonal
ii. The rows and columns of A are orthogonal respectively.

iii.  A“=1 for some positive integer K.
iv. f, is bijective mapping.

V. f, is surjective mapping.

vi. f, is injective mapping
vii. f A Ppreserves the scalar product.

Proof: Since D is interval distributive lattice | (L') =D and A has index, by Lemma 4.4. Hence the statements (l) coincide

with (k) in Theorem 4.4. This completes the proof.

5. Conclusion:
We have extended the concept of incline to interval incline as a generalization of IVFS. Interval distributive lattice, etc.
We obtained the basic properties and investigated the characterization of invertibility of IIMs.
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