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Abstract:

In this paper we have defined * cubic sets and discussed some of their
characterizations.
Index Terms: Cubic Set, Internal Cubic Set, External Cubic Sets, P-(R-) Order, P-(R-)
Union & P-(R-) Intersection.
Introduction:

In 1965, Zadeh [6] has initiated the notion of fuzzy sets and Zadeh [6] made an
extension of the concept of a fuzzy set by an interval-valued fuzzy set. In traditional
fuzzy logic, the expert’s degrees of certainity in different statements were given by
numbers from the interval [0, 1]. It is often difficult for an expert to exactly quantify his
or her certainty. Therefore, instead of a real number, it is more adequate to represent
this degree of certainity by an interval or even by a fuzzy set. Some properties of Fuzzy
Ideals in Algebraic structures were discussed by Chinnadurai [1]. Interval-valued fuzzy
sets have been actively used in real-life applications. Sambuc [3] used this in Medical
diagnosis in thyroidian pathology. Kohout [2] also used this in Medicine, in a system
CLINAID, Gorzalczany in Approximate reasoning. Turksen [4] in Interval-valued logic, in
preferences modelling. These works show the importance of cubic sets. Cubic sets were
discussed by Jun [5]

In this paper, using a some properties of Cubic ideals of near rings studied by
Chinnadurai fuzzy set and an interval-valued fuzzy set, we introduce a new notion,
called (interval, external) * cubic set, and investigate several properties. We particularly
it deals with P-union, P-intersection, R-union, R-intersection of * cubic sets, and related
properties.

Definition: 1.1 Let X be a nonempty set. A fuzzy set A in X is characteristic by its
membership function (generalized characteristic function).
py: X [0, 1]
And p,(x) is interpreted as its degree of membership elements x in a fuzzy set A for
each x€ X. i.e. [0, 1] is the subset of nonnegative real numbers whose supremum is
finite.
Definition: 1.2 Let X be any set. A mapping A : X — D[0/]] is called an interval- valued
fuzzy subset (briefly, i-v fuzzy subset) of X, where D[0,1] denotes the family of all closed
subintervals of [0, 1] and A (x)= [ A~(x), A*(x)] for all X€ X, where A~ and A* are fuzzy
subsets of X such that A~ (x) < A*(x) for all x€ X.
Definition: 1.3 Let X be a nonempty set. A cubic set A and B is a structure of the form
A={<xAx),A(x)>|x€ X}and B ={<x, B(x), u(x)>| x € X }
Then by define * property
A*={<x, Ax), u(x)>| x € X } and B* ={<x, B(x), A(x)>| x€ X }
in which A and B is an interval valued fuzzy set (IVF) in X and A and p is a fuzzy set in X.

A cubic set A™ = {< x, A(x), u(x)>| x € X } is simply denoted by A* = <A, u>and
B *={<x,B(x), A(x)>| x € X } is simply denoted by B*=<B, A>.
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Definition: 1.4 Let X be a nonempty set. A cubic set A* = <A, p>and B* = <B, A>in X
said to be internal cubic set (briefly, ICS) if A~ (x)< p(x) < A% (x) and
B~ (x)< A(x) < B*(x) forall xe X .
Definition: 1.5 Let X be a nonempty set. A cubic set A* = <A, p>and B*=<B, A>inX
said to be external cubic set (briefly, ECS) if pu(x)e(4~ (x), At(x)) and
AMx) ¢ (B~ (x), B*(x)) forall xe X.
Example: 1.6 Let X = {a, b} be a nonempty set. A cubic set A and B is defined as
A ={<a,[0.1,0.3],0.5><b,[0.2,0.4],0.6>} and B ={<a, [0.5,0.7], 0.6 >,
<b, [0.8,0.9], 0.3 >} then * propertyas A*={<a,[0.1,0.3],0.6> <b,[0.2,0.4], 0.3>}
and B*={<a, [0.5,0.7],0.5 >, < b, [0.8,0.9], 0.6 >}.
Example: 1.7 Let A ={<x A(x), M(x)>|x€ X}and B ={< x, B(x), u(x)>| x € X } be
a cubic set in X. If A(x) = [0.2, 0.7], A(x) =0.5 and B(x) = [0.4, 0.6], u(x) = 0.6 for all
x € X, then A* and B*is an ICS.
Example: 1.8 Let A ={<x, A(x), A(x)>| x€ X}and B ={< x, B(x), u(x)>|x € X }bea
cubic set in X. If A(x) = [0.2, 0.5], A(x) =0.9 and B(x) = [0.6, 0.8], u(x) = 0.1 forallx € X,
then A" and B*is an ICS.
Theorem: 1.9 Let A ={<x, A(x), AM(x)>|x€ X}and B ={< x, B(x), u(x)>|x € X} bea
cubic sets in X. If A and B is both an ICS and an ECS. Also let A* and B* is both an ICS
and an ECS, then x(x) eU(A)UL(A) and A(x) eU(A)UL(A)( for all x € X ) where
UA)={AT(x)|x€ X}and L(A)={A (x) | x€ X }.
Proof: Assume that A and B is both an ICS and ECS. Also A* and B* is both an ICS and
ECS. Using definition of ICS and ECS and we have A~ (x)< u(x) < A7 (x) ,
B~ x)<A(x) € BY(x) and p(x)e(4~ (x), AT(x)) and A(x) ¢(B~ (x), B*(x)) forall
X €X . Thus u(x)=A(X) or, A"(X)=u(x),A(x)=B (X) orB"(x)=A(x) and so
1(xX) eU(A)UL(A),A(X) eU(A)UL(A).
Definition: 1.10 Let A = <A, A>and B = < B, pu> be cubic sets in X. Also A* = <A, p> and
B* = <B, A>Dbe a cubic sets in X. Then we define
(a) (Equality) A*=B*< A=Band p=A.
(b) (P-order) A * <, B¥*<>AcBand u< A
(c) (R-order) A*cy B*<>AcBand p>A.
Definition: 1.11 For any A;= {<x, A;(x), 4;(x)>xe X} and B;={<x, B;(x), y,;(x)>|xeX}.
Also
A;={<x, 4;(x), u;(x)>| xeX} and B;={<x, B;(x), 4;(x)>| xeX} be a cubic sets where i€,
and i taken as even sets only we define
(a) P-union
U pefti={<x, (U 4)(0, (v 1)()> [xeX)
(ieq) (ieq) (ieQ) !

Y, 8=l (U BIE, (3, 4009 IxeX)

(b) P-intersection
D A=l () AR, (g, 160> IxeX)
D=l () BIG), (4, )0 IxeX)
(c) R-union
Y=t (U A0,y #)00> IxeX)
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U eBr=tsx, (U B0, (y, 409> IxeX)

(d) P-intersection
N rA;={<x, ( N A)(X), (A p)(x)> [xeX}
(IEQ) (IeQ) ('GQ)

N RBi=tsx, () BIG, (4, A0 IxeX)

The complement of A = < A, A> and B = < B, u> be cubic sets in X. Also A* = <A, p>
and B* = <B, A> is defined to be a cubic sets A*={< x, A°(x), 1- p(x)>| x€ X } and
B*={<x, B¢(x), 1- A(x)>| x € X } where A°(x) = [1- A*(x), 1- A~ (x)] and
B¢(x) = [1- B*(x), 1- B~ (x)].

Theorem: 1.12 Let A =< A, A>and B = < B, u> be cubic sets in X. Also A* = <A, p> and
B* = <B, A>Dbe a cubic sets. Then the following is true (A*)¢ = A* and (B*)c = B".
Proof: Let A ={<x, A°(x), 1- p(x)>|x€ X }
(A™)={<x, (A(x)), (1- px))>|x€ X}

={<x,A(x),1- 1- u(x)>|x€ X}

=A
Simillarly we can prove that (B*)c = B*.
Theorem: 1.13 For any A;= {<x, A;(x), 4;(x)>xe X} and B;={<x, B;(x), i, (x)>[xeX}.
Also
A;={<x, 4;(x), p;(x)>| xeX} and B; ={<x, B;(x), 4;(x)>| xeX} , where ieQ family of cubic
sets.

(c/qi Upcﬂz ......... UPC/Z:I)C :dq;c Upc/lzc (O - JHNN Upcﬂ:lc,
ch,icnpch;cnp ........ ﬂpcfl:f: (a‘l{ npch,z ......... npc/q,;;)c
Wehave( U PA; e = ) PA;°
(ieQ) (ieQ
(Bl UpBZ ......... UPB;;)C :BIC UpB EC (O > JON UPB :lc,
B 1CﬂpB ;Cﬂp ........ ﬂpB ;le= (B I ﬂpB ; ......... an ;)C
We have | U PB{‘)C =( N PB;*C)
(ieQ) (ieQ )
(UQI ﬂpc/l; ......... ﬂpc/l:;)c :cﬂicmpcﬂzcﬂp ........ ﬂpc/l:lc,
ch,IC Upch,zc Up ........ Upc/q:f: (CAI Upc/q,; ......... Upc/q,:l)c
Wehave N PA; e = | U PA;*
(ieQ) (ieQ
(Bi< UPBE ......... UPB:L)C =B>1kc UPB EC UP ........ UPB ;le'
B 1Can ;Cnp ........ an ;kIC= (B I an ; ......... mpB ;kl)c

We have <(_ﬂ)PB{‘>C = <(_U )PB;C)

Also similarly we have ( U Ro‘lf)c =1 .N RJZZ‘C), ( U R732k>c = ( N RB?)-
( (ieQ ) (ieQ) (ieQ )

ieQ)

( N Rﬂf)c - ( U Rc/lz‘c>, h( n RB;)c - ( U RB;"C>.
(ie) (i ) (ie) (ieq )

Proof: Straightforward.
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Proposition: 1.14 Let A =< A, A> B=<B,p> C =<C, y> D= <D,p>be cubic sets.
Also A* =< A, p>, B*=<B, A> C*=<(, p>, D*= <D,y>be cubic sets. Then the following
statements are true.
(1) If A*cp B*and B*<,C* then A* <, B*.
(2)If A" cp B*and B”
(3)If A" cpB* and A* <, C* then A* <, B* MrC*.
(4)If A* cpB*and C*cp B* then A* Lp C* <, B
(5)If A * < B*and C*c, D* then A* Lp C* < C*pD* and A* Mmp C* <, B*pD*.
Proof: Let A, B, C,D be cubic sets. Also A*, B*, C*, D* be cubic sets. By definition,
(D) Ax cp B*=>A c Band p < A
B*c,C* =B < Cand A < p.
=>AcBcCandA<pu <y
=AcCandA<y.
= A* ,C*.
(2) A° D B¢ andpu<A.
B¢ cA¢ and A > .
B¢ gpdq*c
(3) Ax cp B* =>A c Cand p < p.
CcBuCand uciAnap
Ac,BpCand pc AAp.
A* < B* g C*
(4) A'cp B* =>AcBandp<.
C'cp B* =>CcBand p<h.
AuCcBandpvp<A.
A* Up C* p BY
(5) A*'cpB* = AcBandu<a.
and C*c, D*=CcDandp<y.
=AuCcBuDandpvp<Aivy.
A* Up C* p C*LpD*
=ANnCcBNnDandpap<AiAay.
= A* mp C* < B*pD*.
Hence proved.
Proposition: 1.15 Let A =<A,A>, B=<B, u> C=<(, y> D= <D,p>be cubic sets. Also
A*=<A, p>, B*= < B, A>, C*=<(C, p> D*=<D,y>be cubic sets. Then the following
statements are true.
(1) If A" cxB*and B* < C* then A* o, C*.
(2) If A* czB" and B* A
(3)If A" czB*and A * < C*then A* < B* MrC*
(4)If A* czB" and C*'c, B* then A* L C* &, B
(5)If A* cxB* and C*c, D* then A* i C* < C*4D* and A* g C* <
B*pD*.
Proof: Let A, B, C, D be cubic sets. Also A*, B*, C* D* be cubic sets. By definition,
(D) A" cpB* = A c Band p <A
B* <z C* =>B < Cand A < p.
=>AcBcCandu<i <p
=AcCandp<p.
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= A* SC*.
(2) A° DB andp<A.
=B cA°and A < p.
=B A
(3) A" cpB* = A c Band p < A
A* cpC*=A < Cand p < p.
CcBuCandu<sainap.
AcBuCand p<Aiap.
= A* pB* MRgC*
(4) A* cpB*=>AcBand u<.
C'cp B* =>CcBand p<i.
AuCcBandpvp<A.
= A* (g C* cp B
(5) A" cpB* = AcBandp<A.
and C*c, D* =>CcDandp<y.
=AuCcBuDandpvp<ivy.
A* g CF o C*RD*
=>ANnCcBNnDandpap<iay.
= A* g C* < B*pD*
Hence proved.
Theorem: 1.16 Let A =<A,A>and B =< B, u> be a cubsic set in X. Also let
A*=<A, p>, B*=<B,A> beacubicsetin X. If A*is an ICS, then A*¢ is an ICS.
Proof: Since A* = <A, u>isan ICSin X, we have A~ (x)< p(x) < A*(x) forall x € X. This
implies that 1-A%(x) < 1-u(x) < 1- A7 (x). Hence A* = {< x, A°(x), 1- B(x) >| x € X} is an
ICS in X.
Theorem: 1.17 Let A =<A,A>and A =<B, u>be a cubic setin X. Also let
A*=<A, p>, B*=<B,A> beacubicsetin X. If A*is an ECS, then A*¢ is an ECS.
Proof: Since A* = < A, p> is an ECS in X, we have B(x) £ (A~ (x), A*(x)) for all x € X.
This implies that 1-u(x) ¢ (1-A%(x), 1- A~ (x)). Hence A*° = {< x, A°(x), 1- A(x) >| x e X }
isan ECSin X.
Theorem: 1.18 Let A; ={ <4;, 4;>| i€Q} and B;={<B;, B;>|ieQ} be a family of ICSs in X.
Also let A;={<4;, B;>| ieQ} and B;={<B;, 1;>| i€Q} be a family of ICSs in X. Then the P-
union and P-intersection of A * =< A, u>, B * = < B, A> are ICSs in X.
Proof: Since A; and B; is an ICS in X. Also A; and B; is an ICS in X, we have
A7 (X)<B; ()< Af(x) and B; (x)<4;(x)< B (x) for ieQ. This implies that

(Gg)A) (x) < <(i;/9)ﬂi>(x)s ( ééﬁ) (x),

((g})&) (x) < <(i;/ﬂ)/1i>(x)ﬁ ((ig))B‘) (x),

<UQ2)A> (x) < (@ﬁh)(@s ( @f») (),

(aﬁgz)B‘)_(x)S ((i@»l‘)ms («QnB‘) “

Hence then the P-union and P-intersection of A* and B* are ICSs in X.

and
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Remark: 1.19 The above theorem is not true for ECS in X with respect to P-union and
P-intersection. For instances, let A * = < A, p>and B*=<B, A> be ECSsinI=10,1] in
which A(x) =[0.3, 0.5], A(x) = 0.8, B(x)=[0.7,0.9] and p(x)= 0.4 for all x € X.
(1) We know that A* Ly B* = {< %, B(x), A(x)>| x € X} and A(x) € [B~(x), B*(x)] for
all x € X. Hence A* (i B*is notan ECS in X.
(2) We know that A* g B* = {< %, A(X), u(x)>| x € X} and p(x) € [4A~ (x), AT(x)] for
all x € X. Hence A* mp B* isnot an ECS in X.
The following examples show that R-union and R-intersection of cubic sets need
not be ECSs.
Example: 1.20 LetA =<A,A>and B =<B, u>be two ECSs. Also let A* = <A, p>,
B* = < B, A>Dbe two ECSs in I = [0,1] in which A(x) = [0.3, 0.5], A(x) = 0.4, B(x)=[0.7,0.9]
and p(x)= 0.8 for all x € X.
(1) We know that A* (i B* = {< x, B(x), AM(x)>| x € X} and A(x) ¢ [B~(x), B*(x)] for
all x € X. Hence A* (p B*isnotan ICS in X.
(2) We know that A* "z B * = {<x, A(X), u(x)>| x € X} and p(x) ¢ [4~ (x), AT (x)] for
all x € X. Hence A* mp B *is notan ICS in X.
The following theorem provides a condition for the R-union of two ICSs to be an ICS.
Theorem: 1.21 Let A =<A,A>and B =<B, p>be two ICSs in X. Also let A* = <A, p>,
B* =< B,A> betwo ICSs in X such that
max{ A~ (x), B~(x) } < (n A A)(x)
for all x € X. Then the R-union of A* and B* is an ICS in X.
Proof: Let A=<A,A>and B=<B,u> belCSs inX. Also let A*=<A, p>, B*=<B, A>,
be ICSs in X which satisfy the condition.
Then A~ (x) < B(x) < A*(x) and, B~ (x)< A(x) < B*(x) which implies that
(LAX)(X) < (AUB) (X). It follows from the definition of condition that
(AUB) (X)=max{A~(x), B~ (xX)} < (LA AN)(x) < (AUB)"(x)
So that A* L B*={<x, (AUB)(X), (1t A A)(X) > x € X}is an ICS in X.
The following theorem provide a condition for the R-intersection of two ICSs be
an ICS.
Theorem: 1.22 Let A =<A,A>and B =< B, p>be two ICSs in X. Also let A* = <A, p>,
* = < B, A>, be two ICSs in X such that
min{ A*(x), B¥(x) } 2 (A v p)(x)
for all x € X. Then the R-intersection of A* and B* is an ICS in X.
Proof: Let A =<A,A>and B =< B, u>be two ICSsin X. Also let A* =<A, p>,
B* =< B, A>, be ICSs in X which satisfy the condition.
Then A~ (x) < Bi(x) < A*(x) and, B~ (x)< A(x) £ B*(x) which implies that
(kv A)(x) < (AN B) " (x). It follows from the definition of condition that
(AN B) (x)=min {A*(x), BT (x)} < (L vA)(X) < (AN B)"(x)
So that A* Nz B*={<x, (AN B)(X), (1 A)(X) > x € X}is an ICS in X.
The following examples show that R-union of ECSs need not be an ICS.
Example: 1.23 Let A =<A,A>and B =<B, u>be two ECSs. Also let A* = <A, p>,
B* =< B, A> be two ECSs in I = [0,1] in which A(x) = [0.2, 0.4], A(x) = 0.7, B(x)=[0.6,0.8]
and p(x)= 0.9 for all x € X. We know that A* cp B* = {< %, B(x), A(x)>| x € X} and
Mx) € [B~(x), B¥(x)] for all x € I. Hence A* L B*is notan ICS in X.
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The following example shows that the R-intersection of ECSs need not be an

Example: 1.24 Let A =< A, A>and B =< B, u>be two ECSs. Also let A* = <A, p>,
*=<B,A> betwo ECSs in I = [0,1] in which A(x) = [0.2, 0.4], A(x) = 0.1, B(x)=[0.6,0.8]

and p(x)= 0.3 for all x € X. We know that A* "pB* = {< x, A(x), u(x)>| x € X} and

u(x) ¢ [A~ (x), AT (x)] for all x € X. Hence A* MzB* is notan ECS in X.
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