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Abstract:

In this paper, we have discussed about the fuzzy soft I -regular and T -intra
regular semigroups and their properties.
Index Terms: Soft semigroups, soft I' -ideals, I' -regular semigroups, I' -intra regular
semigroups, soft I' -regular semigroups & fuzzy soft I' - intra regular semigroups.
1. Introduction:

The concept of fuzzy set was introduced by Zadeh [15] in 1965. Sen and Saha [13]
defined the I'-semigroup in 1986. Soft set theory proposed by Molotsov [8] in 1999.
Soft set theory has been applied in many fields. Maji et al [7] worked on soft set theory
and fuzzy soft set theory. Ali et al [1] introduced new operations on soft sets. Chinram
and Jirojkul [4] defined the bi-ideals in I -semigroups in 2007. Prince et al [12]
presented the fuzzy I'- bi- ideals in I -semigroups in 2009. Kehayopula et al [6]
initiated the bi-ideals and quasi ideals of semigroups and ordered semigroups. Dheena
et al [5] studied the characterization of regular I' -semigroups through fuzzy ideals in
2007. Chinnadurai et al [3] worked on interval valued fuzzy soft semigroups, and he
studied I -regular semigroups in fuzzy ideals in algebraic structures. Muhammad Ifran
Ali [10] studied soft ideals over semigroups. Sujit Kumar Sardar [14] discussed the
properties of fuzzy ideals in I' -semigroups. Muhammad Akaram et al [9] discussed
Fuzzy soft I semigroups. Munazza Naz et al [11] worked fuzzy soft quasi- ideals on
fuzzy soft semigroups Ali et al [2] studied soft ideals and generalized fuzzy ideals in
semigroups in 2009.

2. Preliminaries:
Definition 2.1 [13]: Let S ={a,b,c,...}and I" ={«e, £, 7,...}be two non-empty sets. Then
S is called a I" —semigroup if it satisfies the conditions

(i) aab €S,

(i) (appb))c=ap(byc) Vab,ceSand a,fB,yl.
Definition 2.2 [5]: A ' —semigroup S is called a regular if for each element a € S, there
exists X € Sand «, f € I'such that a =aaxfa.

Definition 2.3 [8]: Let U be the universel set, E be the set of parameters, P(U) denote
the power set of U and A be a non-empty subset of E. A pair (F, A) is called a soft set
over U, where F is mapping given by F: A— P(U).

Definition 2.4 [7]: Let (F, A) and (G, B) be two soft sets over a common universe U
then (F, A)AND (G, B)denoted by (F, A) A (G, B) is defined as

(F,A) A(G,B)=(H, AxB)where H(«, ) = F(a) nG(p), VY(a, f) € AxB

Definition 2.5 [7]: Let (F,A) and (G, B)be two soft sets over a common universe U
then (F, A)OR(G, B)denoted by (F, A) v (G,B)is defined as (F,A)v (G,B)=(H, AxB)
where H(a, 8) = F(a) WG(p) V(a, f) € AxB.

Definition 2.6 [1]: The extended union of two fuzzy soft sets (F,A) and (G, B)over a
common universe U is fuzzy soft set denoted by (F, A) U_(G, B) defined as
(F,A)u_(G,B)=(H,C)whereC=AUB, VceC.
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F(c) if ceA-B
H(c)=:G(c) if ceB-—A

F(c)u G(c) if ce AnB.
Definition 2.7 [1]:The extended intersection of two fuzzy soft sets (F,A) and (G, B)
over a common universe U is fuzzy soft set denoted by (F,A)_(G,B)defined as
(F,A)n_(G,B)=(H,C)whereC=AUB, VceC.

F(c) if ceA-B
H(c)=:G(c) if ceB-—A

F(c)n G(c) if ce AnB.
Definition 2.8 [1]: Let (F,A) and (G, B)be two soft sets over a common universe U
such that An B # ¢. The restricted intersection of (F, A)and (G, B) is denoted by
(F,A) ny (G, B) and defined as (F, A) ", (G,B) =(H,C)where C=ANB, VceC,
where H(c)= F(c) nG(c).
Definition 2.9 [2]: The restricted product (H,C) of two fuzzy soft sets (F,A) and
(G,B) over a semigroup S is defined as (H,C)=(F,A) < (G,B) where C=ANB by
H(c) =F(c) s G(c),VceC.
Definition 2.10 [3]: A soft set (F,A)is called a soft semigroup over S if
(F,A) s (F,A) < (F,A).Clearly a soft set (F, A) over a semigroup S is a soft semigroup if
and only if ¢ # F(a) is a subsemigroup of S,Va € A
Definition 2.11 [10]: A soft semigroup (F, A) over a semigroup S is called a soft regular
semigroup if for each a € A, F(«)is regular.
Definition 2.12 [15]: Let X be non-empty set. A fuzzy subset 2 of X is a function from X

into the closed unit interval [0, 1]. The set of all fuzzy subsets of X is called a fuzzy
power set of X and is denoted by FP(X).

Definition 2.13 [9]: A fuzzy soft set (u«, A) of a I'—semigroup S, then (x, A) is called a
fuzzy soft I' —subsemigroup of S if zz, (Xpy) = min{, (X), 1, ()}, Vae A x,ye S,y eTI.
Definition 2.14 [9]: A fuzzy soft set (u, A) of a I'—semigroup S is called a fuzzy soft
I' —left(right) ideal of Sif s, (xp) = 2, (Y), (1, (Xpy) = 11, (X)), Vae A X,yeSand y eI’
Definition 2.15 [9]: A fuzzy soft I' —subsemigroup (x, A) of a I' —semigroup S is called
a fuzzy soft I'—ideal of S if u, (xazpy) = max{, (X), 1, (Y)},Vae A x,y,z€S,a, p €T.
Definition 2.16 [9]: A fuzzy soft I' —subsemigroup (x, A) of a I' —semigroup S is called
a fuzzy soft I' —bi-ideal of S if z, (xazfy) = min{w, (X), 1, (Y)},Vae A X,y,z€S,a, f T.
Definition 2.17 [9]: A fuzzy soft I' —subsemigroup (x, A) of a I' —semigroup S is called
a fuzzy soft I' —interior ideal of S if u,(Xazfy) > u,(z),Vae A X,y,zeSand «,feT.
Definition 2.18 [11]: A fuzzy soft (x, A) over S is said to be a fuzzy soft quasi ideal of S
if u(e) is a fuzzy quasi ideal of S Ve € A

Definition 2.19 [11]: A fuzzy soft (x«, A) over S is said to be a fuzzy soft generalized b1-
ideal of Sif u(e) is a fuzzy generalized bi- ideal of S Ve € A

3. Fuzzy Soft Gamma Regular Semigroups:
In This section S denotes the soft I' —regular semigroup.
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Definition 3.1: A soft I'—semigroup (F,A) over a semigroup S is called a soft I'—
regular semigroup if for each «, fe A,F(«, f) isregular.

Example 3.2: S={a,,a,,a,} and I'={«,} where «,f is defined on S with the

following cayley table:
@ |la |a |a |a, P la|a|a|a,
a |a |a |a |&a a |a |a |& | &
a,|a|a [a |a, a, |a |a|a|a,
a; |a | a; | a; | a a; |a | a; | a;| a,
a, | a |a; | a; | a a, |a |a|a|a,

Table-1
Consider E ={a,,a,,a;,a,}tand F(a,)={a,;,a,}, F(a,)={a,,a;}, F(a;)={a;,a,,a;}
F(a,)={a,,a;,a,}. Hence(F,S) is soft I' —regular semigroup.
Theorem 3.3: Let (F,A) and (G, B) be two fuzzy soft I" —ideal (bi-ideal, interior ideal)
over soft I —regular semigroup S, then (F, A) A (G, B)is fuzzy soft I'—ideal (bi-ideal,
interior ideal) over soft I —regular semigroup S.
Proof: Let (F,A) and (G, B)be two fuzzy soft I' —ideal over soft I —regular semigroup

S. Now we defined (F, A) A (G,B) =(H,C)where C=AxB and
H(a,b) = F(a) nG(b) V(a,b)eC.
Consider
K apy (XAY) = (U @) O Moy ) (XY)
= Min{ e o) (XY), fig ) (Xay)}
> min{max{ st () (X), £¢ o) (Y)F X 16 (X), Loy (V)3
= max{min{ s ) (X), gy (X) 3 MIN{ iz ) (), Lo vy (Y)3}
= MaX{( gy N o p)) (XD L@y O Loy ()}
= Max{ £y, (a5 (X)s iy 2y (V)3
Hence (F,A)A(G,B)is fuzzy soft I'—ideal over soft I' —regular semigroup S.
Theorem 3.4: Let (F,A) and (G, B) be two fuzzy soft I" —ideal (bi-ideal, interior ideal)
over soft I'—regular semigroup S, then (F,A)v (G,B)is fuzzy soft I —ideal (bi-ideal,
interior ideal) over soft I —regular semigroup S.

Proof: The proof is straightforward.
Theorem 3.5: Let (F, A) and (G, B) be two fuzzy soft I"-ideal of S,then (F, A) n_ (G, B)

is a fuzzy soft I" —ideal over S.
Proof: Let (F, A) and (G, B) be two fuzzy soft I —ideal over §, then

(F,A)n_(G,B)=(H,C) where C=AUB, VvVceC
F(c) if ceA-B

H(c)={G(c) if ceB-A
F(c)n G(c) if ce AnB.

Let s,teSand aerl.

()Ifce A—B
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My (SAt) = pie oy (sat)
2 max{/uF(c) (), HE (o) )}
= max{,UH(c) (S)uUH(c) )
(iDlffce B—A
Hi oy (Sat) = pig o) (Stt)
2 max{,ue(c) (s), Ha (o) 3}
= max{,UH(c) (S)’:uH(c) )
(iii)Ifc e AnBthen H(c) = min{F(c),G(c)}={F(c) nG(c)}
Now verify that H(c)(sat) > max{H(c)(s), H(c)(t)}, Vs,t €S,a T and ¢ € C.Thus
Moy (Sat) = max{ ey, ) (S), 44y (O} Hence (F, A)~_ (G,B) =(H,C)is a fuzzy soft I'—

ideal over S.
Theorem 3.6: Let (F, A) and (G, B) be two fuzzy soft I' —ideal over S, (F, A) u_ (G, B)

is a fuzzy soft I' —ideal over S.
Proof: The proof is straightforward.
Theorem 3.7: Let (F, A) and (G, B) be two fuzzy soft sets of soft I' —regular semigroup

S.A and A, are two non-empty subsets of S.
() Xr@n O Xr@n = Zrennm
(D) Ze@a ° Zr@n = Xreara
Proof: Let peS,if pe A nA,,then pe Aand p € A,. we have
()(F(e)Al N XE@©)A, )(p) = min{?(F(e)A1 (p), ZXE@)A, (P}
= min{0,0}
=0
= XF () (ATA) (D)
Suppose pg A NA,,then pg Aand pg A,
()(F(e)Al 2 XE(@e)A, )(p) = min{}(F(e)Al(p)!)(F(e)Az (P}
= min{0,0}
=0
= XF () (ATA) (p)
Let peS,if pe AI'A,, then there exists a, € A, y€eI'and a, € A, ,such that p=a,ya,
()(F(e)A1 B XE@©)A, )(p) = E}ig min{ZF(e)Ai (c), XE@©)A (d)}

2 min{)(F(e)Ai(p)J(F(e)A2 (P}

=min{1,1}

=1
SO (Xr@a © Xr@a)(P)=1since pe AT'A;, ¥e( (ara)(P) =1 .Suppose p ¢ AT'A,, then
peaya,,a €A, yeland a, € A,.
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(Zr©n A Xe@ea,) (P) =min{ xc ) a (P) Ze@)a, (P)}

=min{0,0}

=0

= ZF(e)(ArA)(p)
Hence ¥ren © Zr@n = Zre (s
Theorem 3.8: Let (F,A) be a soft subset of a semigroup S, (F,A) be a soft I'—
subsemigroup of S if and only if y., is fuzzy soft I'— subsemigroup of S.
Proof: Let (F, A) be a soft I'— semigroup of S

1 if aeF(e)

ZewHe) :{o if aeF(e).
Let a,beS, y eTif ypA(@rb) <min{ye,4(@), xrA(D)}, then yp,A(a) =1,

XreAB)=1and y,A(ayb) =0, thisimplies that a,b € F(e) since F(e) is I' -
subsemigroup of S, ayb € F(e) and hence y.A(ayb) =1which is a contradiction. Thus
XeeA@yb)<min{y, ,4(a), ¢ A(0)}, Va,b e F(e)ande € A Conversely assume that
Xk is soft I'— subsemigroup of S. Let a,b € F(e), then y,4(a) =1, x¢,A(0) =1,
Xr o fuzzy soft I' — subsemigroup. Now min{y,4(2), x¢A(0)}=1< y¢,A(ayb),

this implies that . A(ayb)=1and hence a,be F(e) Ve e A Therefore (F, A)is a soft

I' — subsemigroup of S.
Theorem 3.9: Let (F,B) be asoft I'— bi-ideal of S if and only if x5, (characteristic

function) is a fuzzy soft I" —bi-ideal of S.
Proof: Assume that (F,B) be a soft I' —bi-ideal of S, by theorem (3.7) wehave

Xe@e ©S° Xeep = X @rsre) = Xr@eps, N€NCE Ypp is a fuzzy soft I' —bi-ideal of S.
Conversely assume that y. ., is a fuzzy soft I' —bi-ideal of S, B < S, by theorem (3.8),
itis clear that B is a soft subsemigroup of S.

Let peSsuch thatpeBI'SIB, then y.. is a fuzzy soft I'—bi-ideal, we have
Xeee(P) =(Xees © S ° Xres) = Xre @rsrs) (P) =1 which implies that p € Band hence
BI'SI'B c B. Hence (F, B) is a soft I' —bi-ideal of S.

Theorem 3.10: Let (F,A) be a soft I"—ideal of S if and only if y, , (characteristic

function) is a fuzzy soft I' —ideal of S.

Proof: The proof is straightforward.

The following theorem is relation between soft set and fuzzy set.

Theorem 3.11: Let (Q, A) be a soft subset of a I' —semigroup S, then (Q, A) isa soft I'-

quasi ideal of S if and only if y, (characteristic function) is fuzzy soft I' -quasi ideal of S.
Proof: Suppose (Q,A) is a soft I'— quasi ideal of S and y.., be the characteristic
function of S, let xeS. If xe(Q,A) then ((xg ° Xre) N(Xe@e © X0))(X) <1= f,(X).
If xe(Q,A) then x¢ (Q,A)I(S,E)n(S,E)I'(Q,A) < (Q,A).

Case(i): Let x 2 (Q,A)T(S,E), xe(S,E)I(Q,A). If x=ay,b then ag¢(Q,A) .Then
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((Xq ° Ze@) N (He) © 7)) (X) = min{sup{min{y, (a), x¢(, (0)}}, sup{min{ e, (U), 7o (V)}}}

=0=y,(X).
Therefore (7 ° Zr@e)) N (X ° %)< Xo.
Case (ii): Let x e (Q,A)T(S,E), x¢&(S,E)I(Q,A). If x=uy,v, then ve (Q,A) . Then
((Xq ° Zr©) "(Ke © 29)) (¥) = min{sup{min{y, (@), xr(, (0)}}, sup{min{ e, (), 7o (V)}}}

x=ayh X=Uy,V
=0=y,(X).
Therefore (ZQ ° ZF(e))m(ZF(e) ° ZQ)Q Xo.
Case (iii): Let x¢ (Q,A)I'(S,E), x¢(S,E)T(Q,A). If x=ay,b then a¢(Q,A) ,then
and if x=uy,Vv,then v ¢(Q, A).Then
((Xq ° Xe@) N (e © 20))(X) = min{sup{min{z, (), 7¢(, (0)3}, sup{min{ ¢, (U), xo (V)}}}

x=ay;,b X=Uy,V

=0=y, ().
Therefore (xq © ¥re)) (X © Xo) S Xo Hence y,is a fuzzy soft I' - quasi ideal of S.
Conversely, suppose that y, is a fuzzy soft I' —quasi ideal of S.
Let X e (¥o © Xre) N (Xre © Xo)then there exists s,teS, y,ze(Q,A) and a,fel
such that x=yas=tpz.
Consider
(Xq ® Xe@e)(X) = sup {min{xq (), 7 (0)}}

x=ay
> min{ o (¥) Ze e (9)F
=min{1,1}
=1
Similarly, (¥« © 2o)(X) =1.Since (¥ © Xe@e)) N(Xre © Xo) S Xo-
Consider
2o(X¥) = ((Xq ° Zre) N(Xe) ° 20))(X)
=min{( zq ° Ze))(X) (Xr@ ° 20) ()}
=min{1,1} =1
Thus xe(Q,A) and hence (Q,A)I(S,E)N(S,E)['(Q,A) < (Q,A).Therefore (Q,A)is a
soft I' -quasi ideal of S.

Theorem 3.12: The following conditions are equivalent
(i)Every soft I'-bi-ideal is a soft I'-ideal of S.

(ii) Every fuzzy soft I' -bi-ideal of S is a fuzzy soft I" -ideal of S.
Proof: Assume that condition (i) holds, let g, be any fuzzy soft I" -ideal of S. Let sz,
be any fuzzy soft I -bi-ideal of S, and p,qeS, since the set (F,A)°(S,E)°(F,A) is a

soft -bi-ideal of S, by the assumption is soft I" -right ideal of S is soft I" -regular ,we have
pIrq e (paF(a, B) S p)I'q < paF(a, B) S p, there exists xeS such that pI'q= paxp,

since p, is a fuzzy soft I' -bi-ideal of S, vV e e A

Consider
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He e (prq) =He(e) (paxpp)

2 min(/uF(e) (p), He e (p)

= Hee (p)-
Hence g, is a fuzzy soft I' -right ideal of S. Similarly s, is a fuzzy soft I -left ideal of
S. Therefore ., is a fuzzy soft I' - ideal of S. Hence (i) = (ii).
Conversely assume that (ii) holds. Let (F,A) be a soft I" -ideal of S, by theorem (3.9),
the characteristic function ., is a fuzzy soft I -bi-ideal of S. Hence by assumption
Xr@eals a fuzzy soft T -ideal of S, thus by theorem (3.10), . is soft I -ideal of S.
Hence (ii) = (i)
The following examples shows that fuzzy soft I'-ideal and fuzzy soft I -bi-ideal of S.
Examples 3.13: Let S ={a,,a,,a,,a,}and I' ={«, £} in the table.1.

Let E={a,,a,,a,,a,}, A={u,,u,} then (F, A)is a fuzzy soft set defined as,
HMeqy =1(8,,0.9),(a,,0.3),(a5,0.7), (a,,0.3)}

Hew,y =1(2,,0.8),(a,,0.1),(a3,0.5),(a,,0.1)}

Hence (F, A)is a fuzzy soft I" -bi-ideal and fuzzy soft T" -ideal over S.

Theorem 3.14: The following conditions are equivalent.
(1) (F,A) is afuzzy soft T -ideal of S.

(i) (F, A) is a fuzzy soft I -interior ideal of S.
Proof: Let s, is a fuzzy soft I"-ideal of S, VeeA

We have g o, (PaQfr) > e, (QBr) , since pp ., isa T - leftideal of S.
> U (), since g, isa T -rightideal of S.
Hence i, (paOfir) = pe()(d) Vp,q,reS and a, Bel.
Conversely assume that g ., is a fuzzy soft I' - interior ideal of S. Let p,qeS, since Sisa

soft T - regular semigroups, there exists X,yeS,such that p= paxfpand q=qaysq
and «, feT. Thus we have

He ey (PLA) = e o) ((PXBP)TQ)
= He e ((pax)BpI'q)

2 :uF(e)(p) and

He e (PT0) = te e, (PT(qeyA0))
= Ue e (PTAa(YA))

> Le ) (@)
Hence proved.
The following example shows that fuzzy soft I'- ideal and I - interior ideal of S.
Examples 3.15: Let S ={a,,a,,a,,a,}and I ={«, F} in the table.1.

Let E={a,,a,,a;,a,}, A={u;,u,} then (F, A)is a fuzzy soft set defined as,
Hew) =1(8,,0.8),(a,,0.2),(35,0.4), (a,,0.2)}

M,y =1(81,0.7),(8,,0.3),(85,0.6), (3,,0.3)}
Hence (F, A)is a fuzzy soft I -interior ideal and fuzzy soft I" -ideal over S.
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Theorem 3.16: Every fuzzy soft I -quasi ideals are fuzzy soft I" -bi-ideal of S.

Proof: Let s, is a fuzzy soft I" - quasi ideal of S. It is sufficient to prove that
He ) (Paqfr) = min{ g ¢ (P), ey (N} V' P,0, r€S,e €A and «a, BeT.
since f,is a fuzzy soft I'-quasi ideal of S. Consider
He ey (PAOBN) 2 (e ey ° Xee) O (Kre) © Hee)))(PagBr)
= MIN{ (e ey ° Xee))(PAABY), (Xe(e) © Hee )Pt Br)}

(Uee) © Xr@)(Pagpr) = sup  min {ug o, (U), xe e (M)}
pagfr=ury

= min {4, (P), Xk (A6}
= /uF(e)(p)
(X © Mee)(Pagpr)=sup  min {ygq, U), te e (V)}

pagfr=ury
= min {x¢, (PaQ), e (N}
= :uF(e)(r)

Hence e (Padpr) = min{u . (D), te ¢ (1)}
Theorem 3.17: In a soft I -regular semigroup S, then fuzzy soft I' -quasi-ideals and

fuzzy soft I' -bi-ideals are coincide.
Proof: It is remains to prove that every fuzzy soft I' -bi-ideals are fuzzy soft I' -quasi-

ideals if g be a fuzzy soft T' -bi-ideal of S, then
(Hee) © Xee) N (Xre) © He) S Heggyereeeess (i).
Let peS,suppose that (i © Xre)(P) < Uee (P), VecA Consider
(He ) (P) = (Hee) © Xe(e))(P)
2 min{(,u,:(e) B ZF(e))( p), (ZF(e) B ﬂF(e))( p)}
= ((Uee) © Xre) N (Xre) © M@ )(P)
Now suppose that (£ © X )(P) = 4 (P), then there existsx,y €S, p=xI'ysuch
that  Min{(ze (e (X) © Zre) (V)32 Hee )(P) that s fe) (X) 2 (e J(P)-orveinniinane. (i) ,now
we prove that (¥¢ ) © #e e )(P) < 4e ) )(P) ;50 equation (i) is satisfied. Since
(Xee) © Hee) (P) = sup min{ y¢ ., (Q), te ) (N}

p=ql’r

Prove that Min{(7¢ e, (A) © £ (N} < 1 ))(P) V P,q, T €S, since S is soft I -regular,
there exists U €S such that p= paufp = XI'yauBql'r. Then since u ,, is a fuzzy soft T -
bi-ideal, we have g, (P) = s ) (XUyaualr) = min{aee ) (X), £g ey (1)}

If min{se o) (X), e o) (N} = Ly (X), then gy (X) < 44¢ (., (P), which is impossible by
equation (ii), thus min{z ) (X), i ) (N} = g, (r), then

He ) (P) 2 peey (1) =min Lye ., (), pe () (N}, VeeA
Theorem 3.18: The following conditions are equivalent
(M) (F,A)is I -regular.
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(i) (B,4) g (L, 4,) < (B,4) 5 (L,A4,)for every soft I -bi-ideal (B, A4,)and every
soft I -leftideal (L, A,) of S.
Proof: (i) = (ii) By definition (B, A4,) % (L,4,)=(K,;,4, nA,)where K,is a function
K, : (4 M 4,) = P(F(a, £)). K, (@, f) = B(a, YTL(B) Var, e 4 "2, Now
(B,4) g (L,A4,) =(K,, 4 mg A,)where K,is a function A n;A,to P(S)such that
K, (. B) =B f)NL(B) Y a,fel i,
we suppose that p e B(e, f) N L(p),since p € F(e, f) and F(«, f)is regular ,there
exists q € S such that p = paegfp.Now p e B(e, ),q8p < L(f), and hence
p = pagpfpe B(a, S)I'L(L). This shows that (B, 4,) g (L, 4,) < (B, 4,) ° (L, 4,).
(it) = (i) .Suppose that 4, = 1, = F(«, f)and B is a function from F(«, f) to P(F(e, 3))
defined by B(p) = paF'(a, B)fp, ¥V p € F(a, f)and L is a function from
F(a, B) to PF(a, ) defined by L(p)=F*(a, B)p, V p € F(a, B).Then (B,F(a, B)is a
soft I -bi-ideal and (L,F(«,f)is a soft I -left ideal over F(«,f)by hypothesis
p e B(p) N L(p) =B(P)TL(p) = paF(a, )ATF (o, B) Ao = paF (et B) Bp.
Therefore (F, A)is soft I" -regular.
Theorem 3.19: Every fuzzy soft I' -generalized bi-ideal is a fuzzy soft I" -bi-ideal of S.
Proof: Let . be any fuzzy soft I -generalized bi-ideal of S and let g €S, since S is a
soft I" -regular there exists x €S, such that q = qax/g. we have
He ey (PIA) = pe e, (PT(qaxpp))
= HE(e (pr(gex) )
2 Min{ e () (P), L ey (A)}-
This implies that s, is a fuzzy soft I" -subsemigroup of S and so x,is a fuzzy soft T"-
bi-ideal of S.
Theorem 3.20: The following conditions are equivalent
(M) (F,A)is I' -regular.
(i) (B,A4) g (L, 4,) < (B,A4) o (L, A,) for every fuzzy soft I -generalized bi-
ideal (B, 4,)and every fuzzy soft I -leftideal (L, 4,) of S.
@iii) (B,4) mg (L, 4,) < (B, 4) 5 (L, A4,) for every fuzzy soft I - bi-ideal (B,A4,)
and every fuzzy soft I'-leftideal (L, 4,) ofS.
Proof: (i) = (ii).By definition (B,4,) % (L,4,)=(N,4, nA4,)where Nis a function
N:(4 NnA)—>PF(a, ), N(a, f) =L()IB(a, f) Va,f (4, NA,).Let (B,4,) be a
fuzzy soft generalized I' -bi-ideal and (L,A,) be fuzzy soft I - left ideal of S. Since
(F,A)is soft T'- regular, let aeF(«,/f)there exists Xe Ssuch that a=aaxpfa.
Consider

(4,5 A,)(@) = sup min {4, (p), 4, (a)}

> min {4 (@), 4, (xpa)}

= min {4, (a), 1,(a)}

=(4 (@) N 4,(a))(a)
Which implies that (B, 4) N, (L, 4,) < (B, 4) ° (L, 4,).
(it) = (iii) . By theorem 3.19.
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(ifi) = (i). let (B, A4,) be a fuzzy soft I' -bi-ideal and (L, 4,) be fuzzy soft I"- left ideal

of S, leta e(B, 4,) Mg (L, 4,), by theorem (3.10) and theorem (3.9), ¥¢ . is a fuzzy soft I'
- left ideal and ¢ is a fuzzy soft I' - bi-ideal of S, and (B, 4,) o (L, 4,) =(N,4, " 4,)
where N:(4, nA4,) > P(F(ea,f)and N(ea,p)=L(@)B(a,p) Va,p (1, nA,).Then
by hypothesis ¢ e N ZeeL S Xr@ee © XreL:
we have

(Ze@s M Zre)(P)=min{ 7 5 (D), Ze e (P)}

=min{l,1}=1.

Vae(B,4)Ng (L, 4,), since y¢ s © Yre. is a fuzzy soft subset of S, we have

(ZF(e)B ° ZF(e)L)(a) <lVaes.
Consider

(ZF(e)B EZF(e)L)(a) = sup min {ZF(e)B(p)’ZF(e)L(Q)}

a=pIq
> min {ZF(e)B (a)aZF(e)L (@)}
=min {11} =1.
Hence y¢ s © Xe@eL =1 thus 1= sup min {¥¢ s (P), ¥r ) (@)}, which implies that

a=plq
Xees(P)=1and ., (q) =1it follows that p (B, 4,), q € (L, 4,) then
a=pI'qe(B,4)(L,4,).Therefore (B,A,), (L,4,) < (B,4)75(L,A4,),by theorem
(3.18),hence (F, A)is soft I' -regular semigroup.

Theorem 3.21: The following conditions are equivalent
(M) (F,A) isleft T _regular.

@) (I,4) ng (B, 4,)= (1, 4) © (B, 4,) for every fuzzy soft T .ideal (l,4,) and fuzzy soft
I' _bi-ideal (B, 4,) of S.

Proof: (i) = (ii) By definition (I,4))°(B,4,)=(K,4 nA4,)where K is a function
K:(4, n4,) > P(F(a, §),K(a) = (e, P)TB(er, ), Ve, € A4, N A,.Let (F,A) be soft
I'—left regular and aeF(a,f) , then there exists peSand «,f el such that
a=paapa.

Let (I, 4,) be fuzzy soft T'—ideal and (B, A1,)be fuzzy soft I — bi-ideal of S. Consider
(4, 4,)(a) = sup min{2,(p), 2, (q)}

a=pIq

> min{4,(paa), 1,(a)}

> min{4,(a), 4, (a)}

= (4 N 4,)(@)
Hence (1,4) Mg (B,4,)< (1,4) 3 (B.4,)
(ii) = (i) suppose (I,4,)and (B, A4,)are fuzzy soft I — ideal and fuzzy soft I' — bi-
ideal of S such that (1,4,) N, (B,4,)c (I,4,)°(B,4,). Let I be any soft T'— ideal and B
be any soft I"— bi-ideal of S, p el "B, by theorem (3.10) y¢, is fuzzy soft I"— ideal
of S and by theorem (3.9) y¢ s is fuzzy soft I' —bi- ideal of S. Now by theorem (3.7) we

have  7c()ire = Zr@en M Xres and hence
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1= (ZF(e)lmB)(p)
= (X ﬁ7(F(e)|3)(p)
< (Xren © Xe@s) (P)
~ Z+ o (P)by theorem (3.7)
It follows that pe(l,4)°(B,4,)and hence (I,4)n; (B,4,)c(l,4)%°(B,4,).
Hence (F, A) is soft left " .regular.

4. Fuzzy Soft Gamma Intra Regular Semigroups:
In this section S denotes the soft I' —intra regular semigroup.
Definition 4.1: A soft ' —semigroup (F, A) over a semigroup S is called a soft I" —intra

regular semigroup if for each «, 8,7 A, F(«, §,y) is intraregular.
Example 4.2: S={a,,a,,a;,a8,}, and I'={¢, 3,7} where «, 3,y is defined on S with
the following cayley table:

a |a|a,|a |a, B la|a |a |a, 7y la | a, | a | a,

a1 al al al a1 al al al a1 al al a1 al a1 al

a, |a |a,|a |a, a, |a |a, |a, |a, a, |a |a;, |a; | a

a3 al a‘3 a'3 a3 aS al a3 a3 a'3 a'3 al a'3 a3 a'3

a, |a |a; | a; | a a, |a |a, |a; |a, a, |a |a, |a |a,
Table-2

Consider E={a,,a,,8;,3,} and F(a,)={a,a;}, F(a,) ={a,,a,,8;}, F(a;) ={a,,a;,8,}
F(a,) ={a,,a;,a,}Hence (F,S) is soft I' —intra regular semigroup.

Theorem 4.3: Let (F,A) and (G, B) be two fuzzy soft I" —ideal (bi-ideal, interior ideal)
over soft I — intra regular semigroup S, then (F, A) A (G, B) is fuzzy soft I"—ideal (bi-
ideal, interior ideal) over soft I" —intra regular semigroup S.

Proof: The proof is Straightforward

Theorem 4.4: Let (F,A) and (G, B) be two fuzzy soft I" —ideal (bi-ideal, interior ideal)
over soft I — intra regular semigroup S, then (F, A) v (G, B) is fuzzy soft I"—ideal (bi-
ideal, interior ideal) over soft I" —intra regular semigroup S.

Proof: The proof is Straightforward

Theorem 4.5: The following conditions are equivalent.
(i) (F, A) is a fuzzy soft T -ideal of S.

(ii) (F, A) is a fuzzy soft I -interior ideal of S.
Proof: Let ., is a fuzzy soft I -ideal of S, VeeA.
We have o, (PaQfr) > pe ., (QFr) , since pp, isa I - leftideal of S.
> fe () , since pg,, isa I -rightideal of S.
Hence i, (Pa0fr) > pe,, (@) Vp,g,reS and «, Bel.
Conversely assume that g ., is a fuzzy soft I' - interior ideal of S. Let p,qeS, since Sisa

soft I - intra regular semigroups, there exists X, y,u,veS,such that p = XopApyyand
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g=uagpfgw and «, F,y €. Thus we have
He e (PT) = te o) (XapBpyy)Ta)
= Ur ) (xap) fpy (YI'Q))
2 U ey (P)
He o) (PIA) = f1e ) (PT (U Sg )
and = U (PTU)gB(gw))

=y C))

Hence proved.
Theorem 4.6: The following conditions are equivalent (i) (F,A)is I -intra regular.

@) (L, A4) g (R,A4,) < (L, 4) o (R, 4,) for every soft I -left ideal (L,A,)and every soft
I' -rightideal (R, 4,)ofS.
Proof: (i) = (ii) By definition (L,4,)% (R,4,)=(K,,4, nA,)where K,is a function
K,:(4, n4,) > P(F(a, ), K, (IN) =L(@)IR(y) VT €A NnA,.wehave

(L) g (R A,) =(K,, 4, mg 4,) where K,is a function A, mzA,to P(S)such that
K,(a, ) =L(@)IR(y) VT e A, A,
we suppose that a e L(a) "R(y),since a € F(I')and F(I')is intra regular ,there exists
p,q € S such that a = peafa)g.Now pea € L(«),ayge R(y), and hence

a= paafayg € L(ax)I'R(y) This shows that (L, 4,) N, (R,4,) < (L, 4)° (R, 4,)

(it) = (i) .Suppose that 4, =4, = F(I")and N is a function from F(I") to P(F(I"))
defined by L(a) = F'(Iea, Yae F(Iand R is a function from F(I) to PF (")) defined
by R(a)=aF'([), Yae F([).Then (L,F())is a soft I'-left ideal and (R, F(I))is a
soft I" -right ideal over F(I") by hypothesis

acL(a)"R(a) = L(a)'R(a) = F* (INeafayF*(I).

Therefore (F, A)is soft I" -intra regular.

Theorem 4.7: The following conditions are equivalent
(1) (F,A) isleft I —intra regular.

(i) (L, 4) g (R, A4,) < (L, 4) ° (R, A,) for every fuzzy soft T" —leftideal (L,4,) and fuzzy

soft I' —right ideal (R, 4,) of S.

Proof: (i) = (ii) By definition (L,4,)%(R,4,)=(M;,4, n4,)where M, is a function

M,:(4,nA,)>PF@),M @) =L@)IR@y), VI el nAi,.

(L) (RA,)=(M,, 4,z 4,) where M, is a function (4, N 4,) — P(S) such that
M, () =L(a)ng R(y) VI € (4, nA,)Let (F,A) be soft T"—intra regular and

ae F(I') , then there exists p,qeSand «,f,y €l such that a= paafa)q.Consider
(4 ° 4) (a) = sup min{,(p), ()}

a=plq

= min{4,(peaa), 4,(aq)}
> min{4,(a), 4,(a)}
= (4N 4) (@)
Hence (L. 4) Mg (Ri4,)= (L 4) 5 (R 4,)
(ii) = (i) suppose (L,4)and (R,4,)are fuzzy soft I' — left ideal and fuzzy soft T"—
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right ideal of S such that (L,4) s (R,4,)c (L, 4)°(R,4,), and ae(L,4) s (R, 4,),
by theorem (3.10) ¢, is fuzzy soft I — leftideal of Sand y g s fuzzy soft I' —right

ideal of S. Now by theorem (3.7), we have y¢ o) v = XL ﬁzF(e)R and hence
1= (ZF(e)LmR )(a)
= (ZF(e)L )(@) N (ZF(e)R )(@)
= (Xe@L ° Xrer) (@)
= (Xr(eLe) (@) bytheorem (3.7)
It follows that ae(L,4)°(R,4,)and hence (L,4)n; (R,4,)<(L,4)°(RA4,)
The above theorem hence (F, A)is left I —intra regular.
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