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Abstract:

In this paper, we introduce Cartesian products for hesitancy fuzzy graphs with a
suitable illustration and proper theoretical validation. Also, we establish three new
versions of Cartesian products for hesitancy fuzzy graphs.
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1. Introduction:

Many of the real world problems are very complex and full of unclear
information. Rosenfeld [10] developed fuzzy graphs and Mordeson [4] introduced
several operations on fuzzy graphs with suitable illustrations to model such complex
problems in a graphical manner. Torra [12] introduced a new extension of fuzzy sets
called Hesitant Fuzzy Sets to handle the common difficulty that appears in fixing the
membership degree of an element from some possible values which leads to a growth of
many concepts.

Hesitancy Fuzzy Graphs (HFGs) was introduced by Pathinathan. T et. al in [9].
Also [9] expresses the various introductory concepts of Hesitancy Fuzzy Graphs with
suitable illustrations. Then Pathinathan. T and Jon Arockiaraj. ] extended Hesitancy
Fuzzy Graph such as Constant Hesitancy Fuzzy Graphs [9], Regular Hesitancy Fuzzy
Graph (c-HFGs) [7], totally constant and totally regular Hesitant Fuzzy Graphs (tc-HFGs)
with some theoretical properties. Concepts like size, order, degree, total degree are also
introduced along with theoretical analysis and examples.

Atanassov [2] introduced first five versions of Cartesian product of two
Intuitionistic Fuzzy Sets in the year 1999 and Andonov [1] extended it to the sixth
version. Then, Varghese et.al introduced five more versions of Cartesian product over
two Intuitionistic Fuzzy Sets. Pathinathan. T and Jesintha Rosline [3] introduced vertex
degree of Cartesian products for Intuitionistic Fuzzy graph and studied their theoretical
properties. This paper introduces various cartesian products for hesitancy fuzzy graph
along with the suitable illustration and theoretical description.

The paper is organised as follows. Section Two focuses on the concept of Fuzzy
Graph (FG), Hesitancy Fuzzy Graphs (HFGs) and some of the related basic definitions.
Section Three provides concepts like Cartesian product of two hesitancy fuzzy graphs
with some related theoretical concepts. Section Four deals with the newly introduced
Cartesian product types with illustrative examples followed by conclusion in section
Five.

2. Basic Definitions and Terminologies:

This section contains some definitions and examples on Hesitancy Fuzzy Graphs
and its related topics.
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Definition 2.1 (Fuzzy Graph)

Let V be a non empty set. A fuzzy graph is a pair of functions G(o, 1) where o is
a fuzzy subset of V, u is a symmetric fuzzy relation on o .
oV —[0,]]
vV xV —[0,1]
suchthat #(u,v) <o(U) Ac(V)Vu,veV.
The underlying crisp graph of the fuzzy graph G(o, 1) is denoted as G : (o, ')

where ¢ is referred to as the nonempty set V of nodesand 1" = E <V xV .

The crisp graph (V, E) is a special case of the fuzzy graph G with each vertex and
edge of (V,E) having degree of membership 1.

Definition 2.2 (Hesitancy Fuzzy Graph)
A Hesitancy Fuzzy Graph is of the form G = (V,E), where

(i) V={v,v,,..v,}such that g :V —[01],5,:V —[0,1]and 5, :V —[0,1]denote the
degree of membership, non-membership and hesitancy of the element v, eV
respectively and

wv)+r(v)+B(v) =1y, eV,
where ﬂl(vi) :1_[:ul(vi)+7/1(vi)] and 0< lu‘.L(Vi)+7/1(Vi) <1---eeee- (1)

(i) E<VxV where g, :VxV—[01],7,:VxV —[0,1andg,:V xV —[0,1]are such
that,

o (V5 Vi) <min(eq (V,), £4(v4)) ------- (2)
72 (Vi V) < max(y, (%), 7,(vy)) === 3)
B (Vi vp) <min(B,(v;), B (V) ------ (4)
And 0< 24 (V;,V,) +7, (v, V) + B, (v, V) S1V(V;,V,) €E ------ (5)
Notations:

V' (V,, 1, 7y, By ) denotes the vertex, degree of membership, non-membership and
hesitancy of the vertex vi.
<eij s Lis s Vi ,,82“.>denotes the edge, degree of membership, non-membership and

hesitancy of the edge relation g; =(v;,v;)on V.
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Example 2.1 (Hesitancy Fuzzy graph)
Consider G = (V, E), where V ={v,v,,v;}and E={vv,,V,v;,v,v;}, then the
hesitancy fuzzy graph is obtained by using the above definition (Definition 2.2).
v,(0.4,0.2,0.4)

(0.3,0.2,0) (0.3,0.2,0.1)

v,(0.6,0.2,0.2) ® ®v,(0.7,0.1,0.2)

(0.4,0.2,0.1)

Figure 1: Hesitancy Fuzzy graph
Definition 2.3 (Cartesian product of two fuzzy sets)
Let Aand B be two non-empty fuzzy sets, the product set or Cartesian product

Ax B is defined as follows,
AxB={(a,b)|lac A beB}
Definition 2.4 (Cartesian product of two hesitant fuzzy sets)
Let A=(1,(x),7,(x), 5, () and B=(x,(x),7,(x),5,(x)) be two non-empty
hesitancy fuzzy sets, where g, u,:V —[01], y,,7,:V —[0,1]and A,A,:V —[01]

denotes the membership, non-membership and hesitant values, satisfies the conditions
of the above definition 2.2. Then the cartesian product ® is defined by,

A®B ={(4, (X)-£ , (X)), (7, (X)-7 A (X)), (B, (X).B (X))}
and the other cartesian products is described as follows (Table 2.1);
Table 2.1: Notations of Cartesian product

SNo ® Description

1 - Multiplication

2 ®n Algebraic Product for membership values

3 ®.n Algebraic Product for non-membership values

4 D, Algebraic Product for hesitant values

5 N, Intersection

6 U, union

7 AM Arithmetic Mean

8 GM Geometric Mean

9 HM Harmonic mean

10 QM Quadratic Mean

11 CM Cubic Mean

12 h Heronian Mean

13  infm Infimum

14 supm Supremum

3. Cartesian Product of Two Hesitancy Fuzzy Graphs:
Definition 3.1 (Cartesian product of two hesitancy fuzzy graphs)
The Cartesian product of two hesitancy fuzzy graphs G, andG, is defined as a HFG,

G=G,xG,:(V,E)
where, V =V, xV, and E ={(u,,u,)(v,,v,)/u, =v, &u,v, € E,oru, =v, &u,v, e E}
with;
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(G ) O 72) (Box BL) ) (g Uy) = (et (U) A (), (7 (U) v 7 (0)), (B () A B (W)
Vevery(u,u,) eV.
and;
<(,u2 X :uzl)a (7, x 7/2-)’ (5, Xﬂzl)> (uy, uy) (v, V,) =
<(ﬂl(u1) A ﬂz'(uz’vz))l (r(u) v }/2‘(U2,V2)), (B(u) A ﬂzl(uz’vz))> Jifu =v, &(U,,v,) € E,
<(ﬂ1 (Uy) A 14, (U, vy)), (71'(u2) Vv 7, (U, ), (ﬂll(uz) /\ﬂz(ul’vl))> jifu, =v, &(u,v,) € E,
(0,0) ;Otherwise

Example 3.1 (Cartesian Product of Two Hesitancy Fuzzy Graphs)
Let G1 and G2 be two hesitancy graphs with {u,,v,;}and {u,,v,}be the vertex sets

respectively. Then the Cartesian product between G: and G2 is given by G, xG,as

follows;
9u,(0.3,0.7,0.2) u,(0.2,0.5,0.2)
(0.2,0.5,0.3) (0.2,0.5,0.2)
v,(0.2,0.5,0.3) v,(0.3,0.4,0.5)
G G

1 2

Figure 2: Cartesian product of two hesitancy fuzzy graphs G1 and G2

(u,,u,)(0.2,0.7,0.2) (02.07.02) (u,,v,)(0.3,0.7,0.2)
(0.2,0.7,0.2) (0.2,0.7,0.2)
(0.2,0.5,0.2)

(v,,u,)(0.2,0.5,0.2) (v,v,)(0.2,0.5,0.3)
G, xG,

Figure 3: Cartesian product G, xG, of two hesitancy fuzzy graphs
Theorem 3.1
Let G, :((Vi, 14,71, ). (8 110,72 B5)) @G, (i, 24,73 B, (€51 150 700 )
be two hesitancy fuzzy graphs.
If 12 11, 10 <75, B, < By and 1y 2 11,7, <7, B 2 B, then
dGIXGZ (u1’ uz) = del (ul) + dG2 (uz)-
Proof:

169



International Journal of Multidisciplinary Research and Modern Education (IJMRME)
ISSN (Online): 2454 - 6119
(www.rdmodernresearch.com) Volume 11, Issue 11, 2016

dg xg, (Uy,U,) = <dy2xﬂ'2 (u,uy), dyzxy,2 (ug,uy), dﬂzxﬂé (u,uy,))

:< Z M(ul)Aﬂ;(UZ!Vz)! Z 71(“1)\/7/'2([12'\/2)' Z ﬁl(ul)/\ﬁz'(uzavz)

U1:V1,(U2:V2 )eE, U1:V1,(UZ:V2)E E, U1:V1,(U2vV2 )eE,

>+

< Z luZII.(UZ)/\IUZ(ul’Vl)’ Z 71I(u2)V72(u1'V1)1 Z ﬂ]:(uz)/\ﬂz(ulivl)>

U=V, ,(Up, vy )eEy Uy =V, ,(Up, vy )€E, U=V, , (U, vy)eEy

=<Z/1'2(U2,V2), z 7/‘2(u21V2) ' Zﬁé(uzvvz) > +< z (U, V), z 7,(Up, V), z ZACAD)

U=y Up=vy, Up=vy Up=Vy Uz =V, Up=Vy

= del (u)+ dez (uy).

Theorem 3.2
If G= <(ViHu_l_’yliﬁl)’(eij’1u2’7/2’ﬁ2)>and G, :<(Vi’ﬂll’7llugll)’ (eij’ﬂzll7’2"ﬂ2')> are two
hesitancy fuzzy graphs, such that
S 7 2y, and B < By then gy > 7, <y, and B > 3,

Proof:

By the definition of hesitancy fuzzy graphs;
/Uz(Vi’Vj)Smin(/vﬁ(vi)v/vﬁ(vj)) _________ @
72(Viivj)£max(71(vi)’71(vj)) _________ (2
ﬂz(Viivj)Smin(ﬂ1(vi):ﬁl(vj)) _________ (3)

Therefore;

From (1), we have
M, Smax g and min g, < g4
From (2), we have
¥, =miny, and maxy, =y,
From (3), we have
B, <max g andmin g, < g
Also we have;
< 4, ;max 44 <min g,
K27, iminy 2maxy,
B, < g, ;max B, < min 3,
Hence
Ly, SMaxX g <min g, <
7, >miny, >maxy, >y,

B, <max B <minp, <B

Thus, 14 > 1,7, <y,and f 2 3,
4. Other Cartesian Products:
Definition 4.1
Let X be an universal set and let V be an HFS over X in the form,
V ={(V,, 2t (V,),7,(V,), B (v;))) |V, eV}such that 0< 4 (v,)+y,(v,)+ B (V) <1. The following
are the different types of Cartesian products (in crisp sense) of n subsets V,,V,,V,,..V, of
V over X .
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vV, = (v, oty 7, BB ) (v ) eV x|

ViaVy )y + 1 — ﬂi-uj,7i-7j,ﬂi-ﬂ,->|<vi,vj>GV XV}

VBt 7173 B By = BB ) (Vv ) eV V|
VLV, minGas, ), max(y,, ;) min(B, 7)) (v, €V xV |

VoV, ) max(a, ), min(z;, ) min B, B;)) (v, v; ) €V xv}

VXV, :{ <V“Vj>’ﬂi+ﬂj Red ,ﬂi+ﬂj>|<vi,vj>ev <V

)
)
VoV ) bt 74 7 = 1 BB ) 1 (Vv ) eV xV}
)
)
)

/\/\/<\/\/\

<<V|,VJ> \/,u“uj \/7|7’J \/ﬂﬂ > <vi,vj>eV xV}

<Vi,V->,2/uiluj 27,7, 2,Biﬂ1>|<vi,vj>erV}

—

Hi + ,7/i+}/j ,ﬂi+ﬂj

ﬂi2+ﬂj2 7i2+7j2 ﬂi2+ﬂj2\
<Vi’Vi>’\/ 2 \/ 2 \/ 2 >|<"i’Vj>€VXV}
<Vi,Vj>,\/'u' + U ,d \/ﬂ ﬂ > LV erV}
2 2 2

M+ )+ i 1 7/i+7/j+\w/i7/j ﬂi+ﬂj+ :Bi,Bj
’ 3 ’ 3 ’ 3

|<Vi,vj>eV xV

Vi X435V ={<<v,,vj> min(L, g + p;), max(0, 7, +; —1),min(0, B, + B, 1)>| . J eV xV}

V, Xy V; = {<<vi,vj>,max(0,,ui + 4, =1),min(L, 7, + y;), min(0, B, + B —1)> |<vi,vj > eV xv}
It must be noted thatv; x, v; isan IFS,wheret =1,2,3,4,5,6,7,8,9,10,11,12,13,14.

Also we have,
E =V xV where g4 :V —[0,1] ,7; :V —[0,1] and g; :V —[0,1]aresuch that

My < p ®ﬂj i SN ®7j;ﬂij <p ®ﬂ'
where z; , 7; and f3; are the membership, non- membershipand hesitancy values of theedge (v;,v;)
suchthatO < g4 +y; + B; <1

By using the notations defined in the definition 2.4, the below table represents various

Cartesian products over hesitancy fuzzy graphs.
Table 4.1: Various Cartesian Products over hesitancy fuzzy graphs

SNo ® H B H; % ®y B® B,
1 ‘m Hi-H; ViV ,B.ﬂj
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S U1 s W DN

10

11

12

13
14

HM

QM

CM

h

infm

supm

M+ 1 — - H ViV Aﬂ,
Hi- YitVi=Vi7; BB,
Hi-H; ViV ﬂi+ﬂj_ﬂi'ﬂj
min(es, ;) max(y;, 7;) min(s3.. 5;)
max(s4, 1;) min(y;, 7;) min(z3.. 5;)
2 2 2
N Jrry BB,
2y 2, 20,
M+ 1y VitV

Bi+ P,

’ﬁi2+ﬂj2
2

3’ﬂi3+ﬂj3
2

e+ r+r
\} 2 2
3 3
Jﬂi + 4, f +7,
2

RN Vit Vi TN ﬁﬁﬁﬁ«/ﬁiﬂj
3 3 3
min(l, 44 + ;) max(0,7, +7;-1) min(0, 3 + B 1)
max(0, ¢4 + 4; —1) min(L, y; +7;) min(0, 5 + S 1)

Note: If g; =y; =0, for some i and j, then there is no edge betweenv,andv;, and it is

indexed by<0,1>. Otherwise there exists edge betweenv; andv; .

INlustration 4.1
For the above definition 4.1, we have the following illustration. Consider G =
(V,E), where V ={v,,v,,v,;}and E ={v,v,,V,V,,V,Vv,}, then the various Cartesian product is

follows as;

v,(0.6,0.2,0.2) ®

v,(0.4,0.2,0.4)

(0.3,0.2,0) (0.3,0.2,0.1)

v,(0.7,0.1,0.2)

(0.4,0.2,0.1)

Figure 4: Hesitancy Fuzzy Graph
Table 4.2: Cartesian products for Figure 4

SNo ® 4®u y®y LOpJ
1 - 028 0.02 0.08
2 ©®, 082 002 0.08
3 ®, 028 028 0.08
4 ©®, 028 002 052
5 My 0.4 0.2 0.2
6 U, 0.7 0.1 0.2
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7 AM 0.55 0.15 0.3
8 GM 0.53 0.14 0.28
9 HM 0.51 0.13 0.27
10 Qm 0.57 0.16 0.32
11 CM 0.52 0.31 0.29
12 h 0.54 0.15 0.29
13 infm 1 0.0 0.4
14  supm 0.1 0.3 0.4

5. Conclusion:

In this paper we have defined a Cartesian product for Hesitancy Fuzzy Graph

with suitable illustrations. Also few theoretical concepts are derived. Further, we
established various Cartesian products over hesitancy fuzzy graph with proper
illustrations. In the upcoming article on this hesitancy fuzzy graph, we will develop the
other valid theoretical concepts with relevant examples.

6. References:

1.

2.

10.

11.

12.

13.

14.

15.

Andonov, V., On some properties of one Cartesian product over Intuitionistic
fuzzy sets, Notes on Intuitionistic Fuzzy Sets, 2008, 14(1): 12-19.

Atanassov, K., Intuitionistic Fuzzy Sets, Fuzzy Sets and Systems, Elsevier Science
Publications, North-Holland, 1986, 20: 87-96.

Jesintha Rosline, J.,, and Pathinathan, T., Intuitionistic Double Layered Fuzzy
Graph and its Cartesian Product Vertex Degree, International Conference on
Computing and intelligence Systems, 2015, 4: 1374-1378.

Mordeson, J. N and Nair, P.S., Fuzzy Graphs and Fuzzy Hypergraphs, Physica
Verlag Publications, Heidelbserg, Second edition, 2001.

Pathinathan, T, and Jesintha Rosline, ], Intuitionistic Double Layered Fuzzy
Graph, ARPN Journal of Engineering and Applied Sciences, 2015, 10(12): 5413-
5417.

Pathinathan, T., and Jesintha Rosline, ]J., Double Layered Fuzzy Graph, Annals of
Pure and Applied Mathematics, 2014, 8(1): 135-143.

Pathinathan, T., and Jon Arockiaraj, J., On regular hesitancy fuzzy graphs, Global
Journal of Pure and Applied Mathematics (GJPAM), 2016, 12(3): 512-518.
Pathinathan, T, Jon Arockiaraj, J.,, and Jesintha Rosline, ], Hesitancy Fuzzy
Graphs, Indian Journal of Science and Technology, 2015, 8(35): 1-5.

Pathinathan, T., Jon Arockiaraj, J., and Mike Dison, E., Constant Hesitancy Fuzzy
Graphs, Global Journal of Pure and Applied Mathematics (GJPAM), 2016, 12(2):
287-292.

Rosenfeld, A, Fuzzy Graphs, In Fuzzy Sets and their Applications to Cognitive and
Decision Processes, Zadeh. L.A., Fu, K.S., Shimura, M., Eds; Academic press, New
York, 1975: 77-95.

Sunitha, M. S., and Mathew, S., Fuzzy Graph Theory: A Survey, Annals of Pure and
Applied Mathematics, 2013, 4(1): 92-110.

Torra, V, Hesitant fuzzy sets, International Journal of Intelligent Systems, 2010,
25(6): 529-539.

Varghese, A., and Kuriakose, S., Cartesian products over Intuitionistic Fuzzy Sets,
International Journal of Fuzzy Mathematics and Systems, 2012, 2(1): 21-27.
Varghese, A., and Kuriakose, S., More on Cartesian Products over Intuitionistic
Fuzzy Sets, International Mathematical Forum, 2012, 7(23): 1129-1133.

Zadeh, L. A, Fuzzy sets, Information and Control, 1965, 8: 338-353.

173



