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Abstract:

By means of y-open L-sets and their inequality, countable y-compactness and y-Lindelof property are
introduced in L- topological spaces, where L is a complete De Morgan algebra. They do not depend on the
structure of basis lattice L and L does not require any distributivety. An L-set is y-compact if and only if it is
countably y- compact and has the y- Lindelof property.

1. Introduction:

It is known that compactness and its stronger and weaker forms play very important roles in topology.
Based on fuzzy topological spaces introduced by Chang [2], various kinds of fuzzy compactness [2, 5, 11] have
been established. However, these concepts of fuzzy compactness rely on the structure of L and L is required to
be completely distributive. In [10], for a complete De Morgan algebra L, Shi introduced a new definition of
fuzzy compactness in L-topological spaces using open L-sets and their inequality. This new definition does not
depend on the structure of L. In this paper, by means of y-open L-sets and their inequality, countable y-
compactness and y--Lindelof property are introduced in L-topological spaces, wehre L is a complete De Morgan
algebra. They do not depend on the structure of basis lattice L and L does not require any distributivity. An L-
set is y-compact if and only if it is countably y-compact and has the y- Lindelof property.

2. Preliminaries:

Throughout this proper, (L,V/,/\’) is a complete De Morgan algebra, X a nonempty set and L* the set
of all L —fuzzy sets (or L-sets for short) on X. The smallest element and the largest element in L* are denoted
by 0 and 1. An element a is L is called a prime element if bac<a implies that b<a or c<a. ain L is called a co-
prime element if a’ is a prime element [4]. The set of nonunit prime elements in L is denoted by P(L) and the set
of nonzero co-prime elements in L by M(L). The binary relation oc in L is defined as follows; for a,bel,axb if
and only if for every subset Dc L, the relation b<sup D always implies the existence of deD with a<d [3]. In a
completely distributive De Morgan algebra L, each element b is a supof {aeL\cb}. The set B(b)={ acL\xb } is
called the greatest minimal family of b in the sense of [5,11]. Now, for bel, we define B*(b)=
B(b)NM(L),a(b)={AcL\a’xcb’} and a*(b)= a(b) NP(L). For acL and AeL*, we write A®={xeX\A(X) <a}
and Ay={xeX\aeB(A(X))} and for a subfamily ycL*, 2(y), (resp.2™)) will denote the set of all finite
(countable) subfamilies of y.A L-topological space is an ordered pair (X,t), where t is a subfamily of L* which
contains 0,1 and is closed for any suprema and finite infima. An L-topological space is an ordered triple (X, 1),
where 1 is a subfamily of L* which contains 0,1, and is closed for3 any suprema and finite infima.

Definition 2.1 [5, 11]: For a topolotical space (X, 1) let o (1) denote the family of all the lower semi continuous
maps from (X, 1) to L; that is, o (1)={AcL*|A®e1, aL}. Then o (1) is an L-topology on X and (X, @ (1))) is
topologically generated by (X, 1).

Definition 2.2 [5, 11]: An L-topological space (X, 1) is weak induced if, for all a.cL and for all Ae T, it follows
that A e[1], where [t]denotes the topology formed by all crisp sets in 1. It is obvious that (X, @ (1)) is weak
induced.

Definition 2.3 [9]: Let (X, ) be an L-topological space, c.e L\{1}, and AcL*. A family pcL” is called

1. an a-shading of A if for any xeX,(A’x)V V B(X))<o.
Peu

2. astrong a —shadining of A if /;A A’(x)V /}/ B(x))£a.
cu eu
3. an aR-neighborhood family of A if for any xeX, (A(X)A /;A B(x))>*o.
€u

4. astrong a-R neighbourhood family of A if V)< (A)A ﬂA B(X))>*a.
Xe cu
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It is obvious that strong a —shadining of A is an a —shadining of A, an strong a-R-neighbourhood family of A if
an a-R-neighbourhood family of A if and only if p’is an strong a —shadining of A.
Definition 2.4 [9]: Let (X, 1) be an L-topological space, a.e L\{0} and AeL*. A family pc L*is called

1. af,-cover of A if for any xe X, it follows that aeB(A’(x)v V B(X)).
Beu
2. astrong B, .cover of A if aef( Ax A’X)v BV B(x))).
Xe eu

3.« Q.- cover of A if for any xeX, it follows that A’(x)v BV B(X)> a).
eu

It is obvious that an S-B,-cover of A be a B,-cover of A, and ,f,-cover of A must be Q. -cover of A.
Definition 2.5 [9]: Let AcL\{0} and AcL*. A family nc L* is said to have weak a —nonempty intersection in a

if V. AX)A B(X))= a.u is said to have the finite weak a- intersection property in A if every finite subfamily
xeX

vof p has weak a-nonempty intersection in A.
Lemma 2.6: Let L be a complete Heyting algebra, f:X— Y a map and fL:L* 5L the extension of f. Then for
any family ycL”, V (f L AYWYA A By)=V AXAN A (B) (X).

yeY Bep xeX Begp

Definition 2.7 [1]: Let (X, t) be an L-topological space, acL*. Then A is called a- y open set if A<
Int(CI(A))VCI (Int(A)).The complement of an y -open set is called an y —closed set. Also, yO(L*) and y C(Lx)
will always denote the family of all y- open sets and y —closed sets respectively. Obviously, AcO(L") if and
only if A’eyC(L%).

Definition 2.8 [1]: Let (L*, t) be an L-topolotical space, A,BeL*. Let yInt(A)=V{ BeL* \B< A,BeyC(L"},
yCI(A)=/\BeL™\A<B, BeyC(L")}. Then yInt (A)and yCI(A) are called the y —interior and y-closure of A,
respectively.

Definition 2.9 [6]: Let (X, t) and (Y,o ) be two L-topological spaces. A map f:( X, t)— (Y, o) is called

1. y- continuous if L (B)isy-open in (X, t) for every Beo.

2. vy-irresolute if f L (B)isy-open in (X, t) for every y-open L-set B in (Y,o).
Definition 2.10 [7]: Let (X, t)be an L-topological space. AcL* is called y-compact if for every family p of vy -
open L-sets, it follows that

A (A’ (x)v V B(x)< \2/( ) AX A X)v V B(X)). (X, 1) is called y — compact if 1 is y — compact.
ve2(u) Xe

3. Propertles of Countable y - Compactness.
Definition 3.1: Let (X, t)be an L-topological space. AcL* is called countable y-compact if for every family p

of y - open L-sets, it follows that A (A’ (x)v V B(x)< \2/( ) AX(A x)v V B(x)). Then (X, 1) is called
u) Xe

countable y-compact if 1 is countable Y- compact.
Definition 3.2: Let(X, 1) be an L-topological space. AcL* is said to have the y-Lindelof property if for every

family u of y - open L-sets, it follows that A (A’(X)V V B(x)< \2/( ) AX(A x) v V B(x)). Then (X, 1)
ve2(u) xe

have the y — Lindelof property if 1 have the y — Llndelof property. Obviously, we have the foIIowmg theorem.
Theorem 3.3: Let (X, 1) be an L-topological space. AcL™ y-compact if and only if A is countably y-compact
and has the y-Lindelof property.

Theorem 3.4: Let (X, 1) be an L-topolotical space. AcL* is countably y-compact if and only if for every family

wof v - closed L-sets, it follows that V (A(x)A A B(x)> /2}) V (A(x A A B(x)).
ve2(u

Proof: This is immediate from Def|n|t|on 3.1and quaS| complements.
Theorem 3.5: Let (X, 1) be an L-topolotical space. AcL* has the y-Lindelof property if and only if for every
family p of y —closed L-sets, it follows that
V (A’ x)A A B> A V (A'x A A B(x)).
ve2(u) xeX
Proof: This is immediate from Deflnltlon 3.2 and quasi complements.
Theorem 3.6: Let (X, 1) be an L-topological space and AcL* . Then the following conditions are equivalent.
1. Aiscountably y - compact
2. ForanyaeL\{1} , each countably y — open strong - shading p of A has a finite subfamily which is an
strong a —shading of A.
3. For any acL\{0} each countably y— closed strong a- R- q neighbourhood family yof A has a finite
subfamily which is an strong a- R- neighbourhood family of A.
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4. For any acL\{0} each countably family of y— closed L-sets which has the finite weak o- intersection
property in A has weakly a-nonempty intersection in A.
Theorem 3.7: Let(X, 1) be an L-topological space and AL . Then the following conditions are equivalent.
1. A has the y — Lindelof property
2. Forany aeL\{1} , each y — open strong o- shading p of A has a countably subfamily which is an
strong a —shading of A.
3. For any aeL\{0} each countable y— closed strong a- R- q neighbourhood family yof A has a finite
subfamily which is an strong o- R- neighbourhood family of A.
4. For any acL\{0} each countable family of y— closed L-sets which has the finite weak o- intersection
property in A has weakly a-nonempty intersection in A.
Theorem 3.8: Let L be a complete Heyting algebra. If both C and D are countably y — compact (y -Lindelof),
then CvD is countable y — compact (y -Lindelof).

Proof: We only prove that the theorem is true for countable y —compactness. By Theorem 3.5, for any family p
of y —closed L-sets, we have

V (€vD)()~ A B(X)

xeX Beu

={V €A A BV O~ A B(X)}

xeX Beu xeX Beu

2 AV COrA BN A V O~ A B}
ve2(u) xeX Beu ve2(u) xeX Beu

= A V €D)x) A A BXx).
ve2(u) xeX Bev

This shows that CvD is countably y — compact.

Theorem 3.9: Let (X, 1) be an L-topological space and C, DeL*. If C is countably y —compact (y —Lindelof)
and D is y —closed, then CAD is countably y —compact (y -Lindelof).

Proof: We only prove that the theorem is true for countable y —compactness. By Theorem 3.5, for any family p
of'y —closed L-sets, we have

V ((CAD)(x) /\A B(x)).

xeX Bev

=V €~ A BX).

xeX BeuU (D)

> AV €CxAA BX).

ve2(yJ (D)) xeX Bev

> AV CorABOIA AV (CX)ADX)AA BX)}

ve2(u) xeX Bev ve2(rlJ (D)) xeX Bev
= A V (CAD)x) A A BX)

ve2(u) xeX Bev
This shows that C AD is countably y —compact.
Theorem 3.10: Let L be a complete Heyting algebra and f:(X, t)—(Y,c) be a y — irresolute map. If A is a
countably y —compact (y —Lindelof) L-set in (X, 1), then f L (A) is an countably y —compact (y -Lindelof) L- set
in (Y,o).
Proof: We only prove that the theorem is true for countably y —compact. Suppose that p is a countable family of

y—closed L-sets in (Y,0), we have that\/ L (A)y)n A BO)=V\ (A (n A fL(BYX)=

yeY Beu xeX Beu
= AV (A0~ A fL B(x)= AV LA BY).
ve2(u) xeX Bev ve2(u) yeY Bev

Hence f L (A) is countably Y - compact.

Analogously, we have the following result.

Theorem 3.11: Let L be a complete Heyting algebra and f:(X, 1)—(Y, 1) be an y — continuous map. If Ais a
countably y —compact (y —Lindelof) L-set in (X, 1), then f L (A) is an countably y —compact (Lindelof) L- set in
(Y, 7).

Now, we assume that L is a completely distributive de Morgan algebra.
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Theorem 3.12: Let (X, 7)be an L-topological space and A & L* . Then the following conditions are

equivalent.

1. Aiscountably y compact.

2. Forany ad-\{0}, each countably » closed strong & -R-neighbourhood family ¥ of A has a finite
subfamily which is an strong « -R-neighbourhood family of A.

3. Forany ad-\{0}, each countably » closed strong & -R-neighbourhood family ¥ of A has a finite
subfamily which is an « -R-neighbourhood family of A.

4. Forany ad- \{0},each countably ¥ closed strong « -R-neighbourhood family y of A, there exist
a finite subfamily ¢ of i and b gf(cr) such that ¢ is an S-b-R-neighbourhood family of A.

5. Forany ad\{0},each countably ¥ closed strong & -R-neighbourhood family y of A, there exist
a finite subfamily ¢ of i and b gf3(cr) such that ¢ is a b-R-neighbourhood family of A.

6. Forany a& M (L) each countably 7 closed strong ¢ -R-neighbourhood family i of A has a finite
subfamily which is an strong & — R-neighbourhood family of A.

7. Forany a& M (L) each countably 7 closed strong ¢ -R-neighbourhood family i of A has a finite
subfamily which isan & — R-neighbourhood family of A.

8. Forany ae M (L) each countably 7 closed strong « -R-neighbourhood family 7 of A, there exist
a finite subfamily ¢ of 7 and b gf* (&) suchthat ¢ isan S-b-R-neighbourhood family of A.

9. Forany ace M (L) each countably y closed strong « -R-neighbourhood family iy of A, there exist
a finite subfamily ¢ of i and b gf* (&) suchthat ¢ isan ¢ b-R-neighbourhood family of A.

10. For any ad- \ {1}, each countably » open strong & shading x of A has a finite subfamily which is
an strong ¢ - shading of A.

11. For any ad. \ {1}, each countably » open strong & shading £ of A has a finite subfamily which is
an « - shading of A.

12. For any ad \{L}, and any countably » open strong « shading u of A, there exist a finite
subfamily v is an strong S-b shading of A.

13. For any ad \{1}, and any countably » open strong « shading x of A, there exist a finite
subfamily v of x andb € & (&) suchthat v is & b shading of A.

14. Forany « & P(L), each countably ¥ open strong & shadining 4 of A has a finite subfamily which
is an strong & shading of A.

15. Forany « & P(L), each countably ¥ open strong & shadining 4 of A has a finite subfamily which
is an strong & shading of A.

16. For any « & P(L), and any countably » open strong « - shading g of A, there exist a finite
subfamily v of x andb & ™ (&) such that v is an S-b- shadining of A.

17. For any a & P(L), and any countably » open strong « - shading g of A, there exist a finite
subfamily v of x andb & @™ (&) such that v is a S-b- shadining of A.

18. For any o & L\{0} and any countably » open « - shading g open S- B, — cover u of Ahasa
finite subfamily which is an S- 5, — cover of A.

19. Forany a & L\{0} and any countably y openS- S, — cover u of A has a finite subfamily which
is a [, — coverof A.

20. For any a & L\{O} and any countably y open S-f, — cover u of A, there exist a finite
subfamily v of x and b & Lwith o ¢ £(b)— suchthat v isanS- S, cover of A.

21. For any a & L\{O} and any countably y open S-f, — cover u of A, there exist a finite

subfamily v of u and b & Lwith a ¢ f(b)— suchthat v is @ S- 3, cover of A.
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22. Forany a & M (L), each countably y open S- B, cover u of A has a finite subfamily which is
an S- 3, cover of A.

23. Forany € M (L), each countably y open S- /3, cover u of A has a finite subfamily which is
a [, cover of A.

24. For any o & M(L) and any countably » open S-/, — cover u of A, there exist a finite
subfamily v of x# and b £ M(L)with a ¢ S*(b)— suchthat v isan S- /3, cover of A.

25. For any o & M(L) and any countably » open S-/, — cover u of A, there exist a finite
subfamily v of x# and b & M(L)with o ¢ S*(b) suchthat v is a f,cover of A.

26. Forany o & L\{0} and any b & () \{O}, each countably y open Q, — cover u of A hasa
finite subfamily whichis « Q, cover of A.

27. Forany o & L\{0} and any b & () \{O}, each countably y -open Q, — cover x of A hasa
finite subfamily whichis « Q, cover of A.

28. Forany o € L\{O} and any b & () \{O}, each countably y - open Q, — cover u of A hasa
finite subfamily whichis «a S- 3, cover of A.

29. Forany Ag M (L), and any b & * () each countably  open Q, cover u of A has a finite
subfamily which is a Q, cover of A.

30. Forany Age M (L) and any b & B*(ax)each countably 7 open Q, cover u of A has a finite
subfamily which is a Q, cover of A.

31. Forany Ae M (L) andany b & B*(ax)each countably 7 open Q, cover u of A has a finite
subfamily which is a S- 3, cover of A.

Proof: (1) = (2) : This follows directly from Theorem 3.7
(2)=(3) : This is easy to prove if one notices that every strong & — R —neighbourhood family of A is an

a — R —neighbourhood family of A.
(3) = (4): Let a & L\{O}and v is a countably y closed strong @ — R — neighbourhood family of A. Then

VX(A(X) AN B(X)) > o. Take c & B(a) such that VX (A(X) A A B(X)) > c. Obviously  is any
Xé& ey XE &y

closed S-c-R- neighbourhood family of A. By (3) we know that ¥ has a finite subfamily ¢ which is a c-R-
neighbourhood family of A. Take b gB(a) such that ¢ g(b), then ¢ is an S-b-R- neighbourhood family of A.
(4) = (5) = (2): Obvious.
(2 =) = (@) =(B) = (9) = (1) : the proof is similar.
(1) < (10) : This follows directly from Theorem 3.7
(10) < (11) : This is easy to prove if one notices that every strong . - shading of A is an a-shading of A.
(11) < (12) : Let ae L\{1} and u be a countably y open strong o - shading of A. Then
A (A'(X) v é/ B(X) *« o. Takec€E a(a)
xeX &
such that A (A'(X) v é/ B(X) < c. Obviously x is an y -open S-c- shadining of A. By (11) we know that
XeX a
M has a finite subfamilyvwhich is a c-shadnining of A. Take b€ a(a) such that cE€ oa(b), then v is an S-b-
shading of A.
(12) = (13) = (10): Obvious
(10) = (14) = (15) = (16) = (17) = (10): We can prove these in the similar way. Similarly we can prove
the other results.
Theorem 3.13: Let (X,t) be an L-topological space and A € L*. Then the following conditions are equivalent.
1. Ahasthe y -Lindelof property.
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For any ad. \{0},each y - closed strong ¢ -R-neighbourhood family 1 of A has a countable
subfamily which is an strong « -R-neighbourhood family of A.

Forany ad \{0}, each y -closed strong & -R-neighbourhood family y of A has a countable finite
subfamily which is an ¢ -R-neighbourhood family of A.

For any ad_ \{0}, each countably » closed strong « -R-neighbourhood family iy of A, there exist

a finite subfamily ¢ of i and b gf(cr) such that ¢ is an S-b-R-neighbourhood family of A.
For any ad \{0},each y- closed strong ¢ -R-neighbourhood family y of A, there exist a
countable subfamily ¢ of w and b gB(«)such that ¢ is a b-R-neighbourhood family of A.

For any a& M (L)each y -closed strong « -R-neighbourhood family y of A has a countable
subfamily which is an strong & — R-neighbourhood family of A.

For any ee M(L)and any y - closed strong « -R-neighbourhood family ¥ of A has a countable
subfamily which is an & — R-neighbourhood family of A.

For any e M (L) and any y - closed strong « -R-neighbourhood family y of A, there exist a

countable subfamily ¢ of w andb g8*(«) suchthat ¢ isan S-b-R-neighbourhood family of A.
For any & M(L)and any y - closed strong « -R-neighbourhood family i of A, there exist a
countable subfamily ¢ of y andb g8* () suchthat ¢ isan ¢« b-R-neighbourhood family of A.

For any ard \{L},each - ¥ -open strong & shading x of A has a countable subfamily which is an
strong « - shading of A.

For any ael \ {1}, each y - open strong « - shading 4 of A has a finite subfamily which is an « -
shading of A.

Forany ard_ \{l}, and any ¥ - open strong & shading x of A, there exist a finite subfamily v of

4 and bear(a)such that v is an S-b shadining of A.
Forany axd \ {1}, and any y -open strong « shading z of A, there exist a finite subfamily v of
4 andb £ a (@) suchthat v is b shading of A.

Forany o & P(L), each y openstrong & shadining 4 of A has a countable subfamily which is an
strong & shading of A.

Forany a & P(L), each y - open strong & shadining g of A has a countable subfamily which is
an strong o shading of A.

Forany a & P(L), and any » open strong « - shading g of A, there exist a countable subfamily

v of i andb & a™ (&) such that v is an S-b- shadining of A.

Forany a & P(L), and any - ¥ open strong ¢ - shading 2 of A, there exist a countable subfamily
v of 4 andb & @™ () suchthat v isa S-b- shadining of A.

Forany « & L\{O} and each y - open « - shading x openS- 3, — cover u of A has a countable
subfamily which is an S- B, — cover of A.

Forany o & L\{O} and each y - open S- B, — cover u of A has a countable subfamily which is
a [, — cover of A.

Forany & L\{0} and and » open S- 3, — cover u of A, there exist a countable subfamily v
of # and b £ Lwith « ¢ S(b)— suchthat v isan S- S, cover of A.

For any a & L\{0O} and any countably y open S- 8, — cover u of A, there exist a countable
subfamily v of x and b & Lwith o ¢ f(b)— suchthat v is @ S- 3, cover of A.

Forany o € M (L), each y open S- /3, cover u of A has a countable subfamily which is an S-
B, cover of A.

Forany @ & M (L), eachy open S- 3, cover u of A has a subfamily which is @ S, cover of A.
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24. Forany o & M (L) and any y - open S- B, — cover u of A there exist a countable subfamily v
of £ and b € M(L)with « & f*(b)— suchthat v isan S-S, cover of A.

25. Forany o & M (L) and any y - open S- B, — cover u of A there exist a countable subfamily v
of £ and b ¢ M(L)with « & S*(b) suchthat v is « f,coverof A.

26. Forany o € L\{O} and any b ¢ () \{O}, each y - open Q, — cover u of A has a countable
subfamily whichis « Q, cover of A.

27. For any @ &€ L\{Q} and any b ¢ f(x)\{O}, each y - open Q, — cover x of A has a
countable subfamily whichis o Q, cover of A.

28. Forany o ¢ L\{0} and any b & S(cx) \{0}, each y - open Q, — cover x of A hasa countable
subfamily whichis o S- 3, cover of A.

29. Forany AgM (L), and any b & S*(a)each y-open Q, cover u of A has a countable
subfamily which is a Q, cover of A.

30. Forany AeM (L) and any b & S*(a)each - open Q, cover u of A has a countable
subfamily which is a Q, cover of A.

31. Forany Age M (L) andany b & B*(ax)each countably 7 open Q, cover u of A has a finite

subfamily which is a S- 3, cover of A.
Lemma 3.14: Let (X, o (T)) be generated by (X, 7). If Alis an y —open L-set in (X, 1), then X4 is an y — open
setin (X, o (T)). If Bis any—open L-setin (X, o (T)), then B¢, is an y — open set in (X, 1) for every aEL.
Proof. This is easy to prove if one notices that Xp.=(Xp) and Xp,=(Xp)- and Xp,=(Xp), and applies Lemma 5.4
in [9].
Theorem 3.15: Let (X, 7) be a topological space and(X, w,(T)) be generated by (X, 7). Then (X, o (T)) is
countably y — compact (y - Lindelof) if and only if (X, 7) is countably y — compact (y — Lindelof).
Proof: We only prove that the theorem is true for countabl y — compactness. Letu be a countable y —open cover
of (X, 7).
Then (XalJAE€p} is a family of y—open L-sets in (X, o (T)) with A(V X A(X) =1. From countable y —

xeX Aeu

compactness of (X, @ (T)). we have that 1= A(V XA(X) <\ A Xa(X). This implies that there exists
xeX  Asu ve2u Aev

ve2® such thatA(V X ,(X) =1. Hence v is a cover of (X, 7). Therefore (X, ) is countable y —
xeX Adu

compact. Conversely, let ube a countable family of y- open L-sets in (X, o (T)) and A(V B(x)) =a. If a=0,
xeX Beu

obviously we have that A(V Bx)<VV A V

xex  Bau vezu xeX (Bev B(x)), Now we suppose that a #0. In this case, for any
bEp()
By lemma 3.14, this implies that {B(b)|B € u} is a countabley- open cover of (X,1) and from the countable y-
compactness of (X,) we know that there exists vE2® such that {B(b)|BE v } is a cover of (X,1).

A VY sw.

Hence b< x<X 1 Bev

AV V AV

Moreover, we have that p - xex (Bev B(X)) <ve2((u) xeX (Bev B(X)).

AV

This implies that XAX (\B{V B(x))=a=v{blb = B(a))gve\z/((y) xex (Bev B(X)).

Therefore (X,w, ") is countable y-compact.
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